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This work seeks rapid prediction of laminar-to-turbulent transition based on first principles,
rather than commonly employed empirical correlations. The nonlinear one-way Navier-Stokes
(NOWNS) equations were recently applied to the early stages of boundary layer transition
where it was demonstrated that NOWNS can accurately replicate direct numerical simulation
(DNS) results with similar accuracy to the nonlinear parabolized stability equations (NPSE).
While having greater computational cost than NPSE, NOWNS is a more robust, convergent
parabolization of the governing equations and is expected to succeed for stronger nonlinearity
where NPSE fails. We demonstrate that NOWNS succeeds for stronger nonlinearity by applying
it to an oblique-wave breakdown case where NPSE fails. In addition, we demonstrate that
NOWNS supports non-modal disturbances in the form of random noise applied to the inlet
boundary condition of the oblique-wave breakdown case, and a blowing/suction strip for a
K-type (fundamental) transition case.

I. Introduction

Hydrodynamic stability analysis is a critical tool for predicting laminar-turbulent transition in boundary layer flows.
Modern industry tools use linear theory to predict transition onset, often using either the e™-method [I}, 2] or the
variable N-factor approach [3] to extrapolate through nonlinear transition. Fundamentally, transition can be studied
using direct numerical simulation (DNS) [4H6], but this approach is limited by its large computational cost. The
nonlinear parabolized stability equations (NPSE) entail a much lower computational cost [7], but convergence issues
limit its use to the early stages of transition [8}9]. Even in the linear case, however, PSE is unable to (accurately) track
non-modal and multi-modal instabilities [9], and its minimum step size for stability prevents capturing all length scales
in the streamwise direction, which is particularly problematic when extending to the nonlinear regime.

Linear OWNS overcomes these limitations of linear PSE, but at a greater computational cost. The OWNS approach
does not have a minimum step size for stability, which means that arbitrarily small steps can be taken to resolve all of the
length scales, enabling OWNS to capture non-modal and multi-modal interactions. The linear OWNS approach has
previously been applied to two-dimensional (2D) and three-dimensional (3D) boundary-layer flows [10]. In particular,
linear OWNS approach has proven useful for hypersonic boundary layer flows [[11H13] where classical stability analysis
methods often fail. Previous work on linear OWNS has demonstrated its robustness, which makes it well-suited to
nonlinear stability analysis. More recently, the linear OWNS procedure has been extended to support nonlinear effects
in the nonlinear OWNS (NOWNYS) framework [14].

In this paper, we demonstrate the advantages of NOWNS with respect to nonlinear PSE (NPSE). In section @ we
present the governing equations and summarize the details of the method. In section[[TI, we demonstrate the nonlinear
OWNS approach for 3D boundary-layer flows. Finally, in section[[V]we present plans for future work.

I1. Method
The NOWNS approach was previously presented in [14] and we summarize it briefly here. The compressible
Navier-Stokes equations are written in Cartesian coordinates in terms of the specific volume v, velocity u = (u, v, w),
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and pressure p:
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We have nondimensionalized the equations using the free-stream speed of sound (c.), the free-stream specific volume
(Veo), the Blasius length scale (69 = /*==#=), and the free-stream fluid properties. This study focuses on low-speed

boundary layer flows, so we approximate the fluid as a perfect gas with constant fluid properties.
We define a vector of flow quantities ¢ = (v, u, v, w, p) and write the equations in operator form as

dq

9’q (’92q 62)
ot

2
62 dyr  9z2 @

aq aq
AW+ By (@) 5L+ B 2L + Ba(g) (S
y 0z
where the A and B operators are defined in appendix [V.A] Here, x, y, z, correspond to the streamwise, transverse and
spanwise directions, respectively.

A. Linear OWNS
We decompose the flow as
q(x.y.2,1) =q(x,y.2) +q'(x,y.2,1) (©)
where § is a time-invariant equilibrium solution (that we get by solving the Blasius equation), while ¢’ is the disturbance
variable for which we solve. We substitute the decomposition (3)) into the equations (2)) to obtain
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where we have discarded terms that are nonlinear in ¢’ and terms associated with 92¢’/0x>. Here, f, is an exogeneous
forcing function that represents these unmodeled physics (we neglect the streamwise diffusion terms because this
simplifies the exposition, but it is possible to re-introduce these terms). We have also defined C(qg) such that
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To obtain a semi-discrete form of (@), we discretize in the wall-normal direction using a finite difference scheme (typically
4th-order central finite differences) which we represent using D = d/dy, while we assume that our disturbances are
periodic in the spanwise direction with wavenumber S and in time with frequency w so that our disturbance has the form

q'(x,y,2,1) = §(x, y)e' F==0. )
Our semi-discrete linear operator becomes
L(q) = iwl - By(§)D - ifB-(§) - B2(9)(D* - B21) = C(§). ®)

This equation still supports upstream-going modes, which we can remove using a projection operator, as discussed in
Towne et al. (2022) [15]. First we transform to characteristic variables, based on the eigen-decomposition of A(§), then
we use the eigen-decomposition of the linear operator (in characteristic variables) to define a projection operator, P(§),
that removes upstream-going modes. Using our projection operator, we obtain the parabolic (one-way) equation
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where g, = P(§)q’ is the downstream-going solution. In practice, we apply the projection operator using a recursive
filtering approach to avoid taking the eigen-decomposition of the linear operator.

Since () is well-posed as a one-way equation, we can solve it numerically using a spatial-marching scheme. We
discretize in the streamwise direction using a second-order backward differentiation formula (BDF2) scheme to obtain
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which can be solved numerically on a computer.

B. Nonlinear OWNS
We assumed previously that our disturbances are periodic in time and in the spanwise direction, so we can expand
our disturbance variable into the Fourier series

g0y, n0= ) Guee’ PN, (11)

In linear OWNS, all Fourier modes evolve independently of each other, but they become coupled through the nonlinear
terms so they cannot be considered separately in the nonlinear analysis. It is not possible to consider an infinite number
of Fourier modes, so we truncate our Fourier series to obtain
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and we have included the streamwise diffusion terms in the forcing function.

We discretize the nonlinear terms so that they are consistent with the linear terms, and we compute Fourier
components of the nonlinear terms using a Fast Fourier Transform (FFT), which we de-alias using the 3/2 rule. Our
semi-discrete equations become

qun

A(q) = L@ Gmn + Epn(q@’) + frun, m=-M,...,M, n=-N,...,N. (16)

We use the projection operator from linear OWNS to obtain the one-way equation

6q+,mn
ox

Finally, we march this equation in space using the BDF2 scheme as
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form=-M,...,Mandn =-N,...,N. We note that for ¢’ to be real-valued, we must have the condition §_,,, = §mn,
so that we only need to solve the equations form =0,...,M andn=—-N,...,N.



1. Special treatment of the zero-frequency modes

In the previous work on nonlinear OWNS presented in Sleeman et al. (2023) [14]], the equations for the zero-frequency
modes were parabolized by neglecting the streamwise pressure gradient and the streamwise diffusion terms for these
modes. More recently, we have successfully included the streamwise diffusion terms for the zero-frequency modes by
using the recursion parameters presented in appendix [V.C| However, we still found it necessary to neglect the streamwise
pressure gradient for these modes. If we include the streamwise pressure gradient for the zero-frequency modes, we still
achieve a numerically stable spatial march, but our results do not match those presented in the literature. We believe that
the streamwise pressure gradient for the zero-frequency modes introduces upstream effects that corrupt the solution. The
NOWNS procedure is able to remove the upstream effects of the streamwise pressure gradient to achieve a stable march,
but in the process, the solution becomes inaccurate. NPSE for subsonic flows must also neglect the streamwise pressure
gradient for the zero-frequency modes [[16| [17]], unless the pressure is removed in favor of the vorticity variables (for
incompresible flows only) [7].

We have found that the effects of the streamwise diffusion terms for the zero-frequency modes is negligible. We
have run all of the calculations presented in this paper both with and without these terms, and there is not a significant
difference in the results. Therefore, it is generally not necessary to include these terms (and therefore generally not
necessary to project the zero-frequency modes).

2. Spanwise symmetry

For the test cases we study here, the disturbance variable is constrained to be symmetric in the spanwise (z) direction,
and the number of equations can be reduced. In primitive variables, all variables have even-symmetry, with the exception
of the w-velocity which has odd-symmetry,
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The symmetry condition reduces the number of equations from (M + 1) X (2N + 1) to (M + 1) X (N + 1), so that we
have roughly half the number of equations to solve.

3. Boundary conditions

At the wall, we impose no-slip isothermal boundary conditions (¢’ = v/ = w’ = T’ = 0), while we solve for the
specific volume, v/, at the wall using the (nonlinear) continuity equation. At the far-field boundary, we impose 1D (in y)
inviscid Thompson characteristic boundary conditions to prevent spurious numerical reflections [18]. The inviscid
assumption is valid because viscous effects from the boundary layer are negligible in the far-field. This choice of
boundary conditions matches the boundary conditions used previously for linear OWNS [10, [11]. The Thompson
characteristic boundary condition (as implemented in our code) is based on the linearized Navier-Stokes equations.
However, this choice is reasonable because nonlinear effects are negligible far from the boundary layer.

Some previous work on PSE has used characteristic boundary conditions in the far-field [8]. However, other
work has used the far-field boundary condition §;,,,(¥max) = O [16]]. The boundary layer must be allowed to grow
in the wall-normal direction (due to nonlinear interactions), so we cannot have V() (ymax) = O for the mean-flow
distortion (MFD). Instead, we must use either characteristic boundary conditions, or choose d9()/dy = 0 at ymax. The
characteristic far-field boundary conditions are advantageous because they allow us to use the same boundary conditions
for all modes, instead of handling the MFD as a separate case.

4. Streamwise diffusion terms

As noted above, neglecting the streamwise diffusion terms simplifies the parabolization procedure. Moreover,
previous work on linear OWNS has reintroduced these terms (approximately) after parabolizing the equations, and
found that their inclusion did not affect significantly the results of the stability calculation [11]]. However, we have
found that their impact on nonlinear OWNS is more pronounced, so we include them by discretizing second-streamwise
derivatives using a second-order backward difference scheme, which is similar to the procedure used previously for



linear OWNS [[L1]. Provided the resulting equations are stable (which we verify a posteriori), then, apart from the
parabolization error, the streamwise terms are included to O (Ax?).

5. Mean-flow distortion

The projection operators are linearized about the baseflow, and it could be argued that for nonlinear OWNS, the
projection operators should be linearized about the full mean flow (including the effects of the mean flow distortion). It
is straightforward to linearize about the corrected mean flow, as opposed to the base flow. We have tried doing so and
found that it does not make a substantial difference in the results. It is more computationally efficient to linearize only
about the base flow (for reasons we describe below), so we choose this approach moving forward.

6. Recursion parameters

The choice of recursion parameters is described in appendix [V.C] These recursion parameters have previously been
applied to subsonic linear OWNS and they have been demonstrated to match the results in the literature [[10]. However,
there is no guarantee that we can expect them to work well for nonlinear OWNS (particularly as we march farther
downstream). We demonstrate a posteriori that this choice of recursion parameters works reasonably well, but it is
possible that a better choice of recursion parameters exists.

II1. Results
The NOWNS procedure was previously validated in Sleeman et al. (2023) [14]], so we immediately present new
results for oblique-wave breakdown. We choose a Mach number of Ma = 0.1 to study flows near the incompressible
limit. In what follows, we normalize the streamwise coordinate as
Uix*
Re, =

* 0%
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while the wall-normal coordinate is normalized by

We further specify the temporal frequency as
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and the spanwise wave number as
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where v, is the far-field specific volume, while u, is the far-field dynamic viscosity. We refer to modes according to
their temporal frequency and their spanwise wave number as (m, n), where m refers to the frequency w,,, = mw and n

refers to the spanwise wave number 3,, = np.

A. High amplitude oblique-wave breakdown

It is well-known that NPSE can fail for sufficiently strong nonlinearities [8, 9]], and this was demonstrated in an
oblique-wave breakdown case presented in Joslin et al. (1993) [[17]. The small amplitude case was studied using
NOWNS in Sleeman et al. (2023) [14]], and here we demonstrate that NOWNS is successful for the large amplitude case
where NPSE fails. We note that oblique-wave breakdown has also been studied using both experiment and spatial DNS
by Berlin et al. [19], while it was studied using NPSE for compressible flows by Chang and Malik [20]]. We further note
that whereas fundamental and subharmonic transition can be studied using Herbert’s secondary stability theory [21]], no
such theory exists for oblique-wave breakdown, so that either experiment or numerical simulation is necessary to study
this transition scenario [17,[19].

In this case, transition is initiated by two oblique waves with opposite wave angle, which are obtained from
locally-parallel linear stability theory. The march starts at Re, = 2.73529 x 10° with amplitude u ;" (xo) = V2 x 1072
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Fig. 1 Amplitude of u’ v.s. streamwise coordinate, Re,, for oblique-wave breakdown at frequency F = 86 x 107°,
spanwise wavenumber b = 2/9 x 10~3, with initial amplitude of u/{’;" (x) = V2 x 1072

for all four waves, where we have defined the amplitudes
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to be consistent with the scaling used in [17]]. The oblique waves interact to excite higher modes and to distort the mean
flow. The grid extends over the domain Re, € [2.73529 x 10°,4.9 x 10°] and y € [0, 60] with 2000 stations evenly
spaced in x and 100 grid points in y, with the majority of the grid points clustered towards the wall, while the Fourier
series is truncated at M = 7 temporal modes and N = 7 spanwise modes. We march downtream using the second-order
backward differentiation formula (BDF2).

We consider the frequency F = 86 x 107° and the spanwise wavenumber b = 2/9 x 103 and we plot the amplitudes
of the u-velocity as a function of streamwise station in figure[I] First we note that we have excellent agreement between
the amplitudes predicted by NOWNS, NPSE, and DNS for the early stages of transition. However, NPSE begins to fail
towards the end of the domain, while NOWNS is able to march all the way to the end of the DNS calculation. The DNS
calculation is under-resolved near the end of the domain [17], which may explain the discrepancy between the DNS and
NOWNS calculations. In figure 2] we plot the profiles for the u-velocity disturbances at the domain outlet for the vortex
mode and the oblique wave. We observe that the maximum amplitude of the oblique wave occurs at y = 2.55, while the
maximum amplitude of the vortex mode occurs at y = 1.31. In figures[3]and[d] we plot the contour the instantaneous
contour of the u-velocity (u = u +u’) as a function of the streamwise station and the spanwise coordinate, where figure 3]
is plotted at y = 2.55 and figure[d]is plotted at y = 1.31. In figure[I} we observe that the oblique-wave, (1, 1), is initially
the dominant instability, but is rapidly overtaken by the vortex mode, (0, 2), leading to the streaks observed in figures
and 4]

B. Oblique-wave breakdown with random noise

Next we demonstrate that NOWNS is robust to numerical noise. We consider the small-amplitude oblique-wave
breakdown presented Joslin et al. (1993) [[17]], which we previously used to validate NOWNS [14]. We modify this test
case such that we have the eigenfunction from the locally parallel linear stability theory, g1 sT, and we add random noise,
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Fig.2 Profiles of the u-velocity disturbances at Re, = 4.9 x 10 for the vortex mode (left) and the oblique mode
(right).
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Fig. 3 Contour of the instantaneous u-velocity at for the large-amplitude oblique-wave breakdown case at
y = 2.55, corresponding to the height at which the maximum amplitude of the oblique wave occurs.



Fig. 4 Contour of the instantaneous u-velocity at for the large-amplitude oblique-wave breakdown case at
y = 1.31, corresponding to the height at which the maximum amplitude of the vortex mode occurs.

Gnoise, to obtain the inlet condition
qLST + EGnoise-

We choose complex random noise such that

qnoise = qnoise,r + iqnoise,i’ qnoise,r’ qnoise,i ~ q/{[—O.S,O.Slv

where U|, p| represents the uniform distribution over the interval [a, b]. We then normalize the noise to obtain gyoise,
such that the maximum amplitude of the u-velocity noise is equal to the free-stream u-velocity, Us.

We start the march at Re, = 2.73529 x 10°, and with (small) amplitude u;rggl) = V2 x 1073, and we choose
& = V2 x 107 to obtain the inlet conditions depicted in ﬁguresandlél The random noise does not perturb substantially
the u- and w-velocities as shown in figure [5} and instead primarily perturbs the density and the pressure profiles as
shown in ﬁgure@ The grid extends over the domain Re, € [2.73529 x 10°,6.084 x 10°] and y € [0, 60] with 2000
stations evenly spaced in x and 100 grid points in y, while the Fourier series is truncated at M = 3 temporal modes and
N = 4 spanwise modes (we need fewer Fourier modes since we have a smaller disturbance). We also use the same
frequency (F = 86 x 107°) and spanwise wavenumber (b = 2/9 x 1073) as the large amplitude case. We march the
equations using the BDF2 scheme, and we find that the despite the noisy pressure and specific volume disturbances, the
u-velocity amplitudes predicted by NOWNS for the noisy inlet condition agree closely with the amplitudes predicted by
NOWNS for the inlet condition without noise, as depicted in figure[7} This figure also demonstrates that, although
NPSE initially is able to accurately predict the evolution of the u-velocity amplitudes, it eventually becomes innaccurate
(especially for ”/(0,0) and “I(2,0)) before failing to converge. On the other hand, NOWNS is able to accurately march
downstream to the prescribed domain outlet. We additionally plot the u-velocity contour at y = 2.55 in figure[§] The
perturbations for the small amplitude case are sufficiently small so that we do not observe the streak structures of the
large amplitude case. Moreover, the noise introduced by the noisy inlet boundary condition does not affect substantially
the u-velocity contour, so we plot only the case without noise.

We make this choice of for gpeise SO that we can get a relatively small perturbation to the inlet boundary that causes
the NPSE solver to fail, while still allowing the NOWNS march to be relatively accurate. By introducing relatively small
perturbations to the u-velocity, and relatiely large perturbations to the specific volume and pressure, we can demonstrate
that NOWNS can accurately evolve the u-velocity, despite the noise in the inlet boundary condition. If we introduce
large perturbations to the u- and w-velocities, then the amplitude of the - and w-velocity disturbance increase and we
are no longer able to demonstrate good quantitative agreement with the noise-less inlet boundary condition (since the
amplitude of the u-velocity is much larger).

To demonstrate the effect of the noisy inlet condition, we plot the contour of the real part of the u- and v-velocities of
the oblique wave, with and without noise. In figure[9] we see that despite the noisy inlet condition, NOWNS evolves the
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Fig. 5 Comparison of inlet boundary conditions with and without random noise (z-velocity and w-velocity).
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Fig. 6 Comparison of inlet boundary conditions with and without random noise (specific volume, v-velocity,
and pressure).

u-velocity of the oblique wave such that it matches closely the case without noise. On the other hand, figure [I0|shows
that the v-velocity is more strongly affected by the numerical noise (the noise applied to the v-velocity is relatively large
compared to the noise applied to the u-velocity), but we still qualitatively observe the same structures. The other modes
(e.g., the vortex mode) are evolved accurately by the NOWNS calculation with noisy inlet condition, and the contour
plots with and without the numerical noise are indistinguishable from each other, and so are not plotted here.

C. Blowing/suction strip
Blowing/suction strips are frequently used to study laminar-turbulent boundary layer transition in low-speed boundary
layer flows [4}, 15 22-24]. For a flat-plate boundary layer flow, we specify no-slip boundary conditions such that

u(y=0)=v(y=0)=w(y=0)=0.

However, we can introduce disturbances through a blowing/suction strip by specifying a non-zero wall-normal velocity
such that v(y = 0) = f(x,z,1), for some function f(x,z,¢) that is periodic in t and z. NPSE does not support
blowing/suction strips because they introduce non-modal disturbances. The NOWNS approach is advantageous because
it supports non-modal intstabilities, and we demonstrate here that NOWNS supports blowing-suctions strips.

Rist et al. (1995) used a blowing/suction strip to study K-type (fundamental) transition using DNS. A similar study
was performed using DNS by Sayadi et al. (2013) [22]], and using a harmonic balance method (HBM) by Rigas et al.
(2021) [24]]. The blowing/suction strip is given by

f(x,z,0) =5 x 1073 sin(wt)va (x) + 1.3 x 107 cos(Bz)vs (x), (19)
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Fig.7 Amplitude of u’ v.s. streamwise coordinate, Re,, for oblique-wave breakdown at frequency F = 86 x 107,
spanwise wavenumber b = 2/9 x 1073, with initial amplitude of uf,g,’(l) (x0) = V2 x 103 with and without random
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Fig. 8 Contour of the instantaneous u-velocity at for the small-amplitude oblique-wave breakdown case at
y =2.55.
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Fig. 9 Contour plot of the real part of u(; ;) with and without numerical noise, for the small-amplitude oblique
wave breakdown case.

o R(v) X10-6 R

7

Fig. 10 Contour plot of the real part of v(; ;) with and without numerical noise, for the small-amplitude oblique
wave breakdown case.
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Fig.11 Amplitude of 4’ v.s. streamwise coordinate, Re ., for fundamental breakdown at frequency F = 110x107°,
spanwise wavenumber b = 0.423 x 1073, with blowing and suction

where
0, Re, < Rey(x;)
15.1875&° — 35.43756* +20.2583, Rey(x) < Re, < Rey(x;n)
va(Rey) = (20a)
—v4(2Rex (xm) — Rey), Re, (x,) < Rey < Rey(x2)
0, Re,(x3) < Rey
0, R < Rex(x1)
—3&* 4483, R Re, < R
vs(Rey) = & +48 ex(x1) < Rey ex (Xm) (20b)
vs(2Rex(x) —Reyx), Rex(xp) < Rey < Rey(xz)
0, Rey (x2) < Rey

for Rey (x1) = 1.3438x10%, Rey (x2) = 1.5532x10%, x,,, = (x1+x2)/2, and & = (Rex —Rey (x1))/(Rex (x,,) —Rex (x1)).
The frequency is chosen to be F = 110 x 10~® with spanwise wavenumber b = 0.423 x 1073, We integrate over the
streamwise domain Re, € [1.33956 x 10°,2.72 x 10°] with y € [0, 60], where we have 1300 stations in x and 100 grid
points in y, while we have M = 4 temporal modes and N = spanwise modes. We plot the ampliutdes of the u-velocity in
figure |'1;1'|> and we see that we have good agreement between the NOWNS and DNS of Rist et al. (1995) [5]. We note
that in the early stages of the march there is disagreement between the DNS and NOWNS calculations because the
blowing/suction strip causes upstream effects that NOWNS neglects by construction. Whereas for the DNS calculation,
the modes have a non-zero amplitude upstream of the blowing/suction strip, the amplitudes in the NOWNS calculation
initially have zero amplitude at the first blowing/suction strip station. However, boundary-layer flows involve convective
instabilities that convect downstream with the flow, and the amplitudes predicted by NOWNS quickly converge to those
predicted by DNS as the march moves downstream.

IV. Conclusions and future work
The NOWNS procedure was first outlined by Sleeman et al. (2023) [14] and it was demonstrated that NOWNS
is successful for cases where NPSE can be applied with a lower computational cost. The present work demonstrates
that NOWNS is successful in cases where NPSE fails. In particular, we have shown that NOWNS supports higher
amplitude disturbances, is robust to random noise, and supports a blowing-suction strip. In the future, we would like to
apply NOWNS to study H-type (subharmonic) and K-type (fundamental) transition. H- and K-type transition has been
studied experimentally [25] [26]], theoretically using secondary stability theory [21]], and numerically using NPSE [27],
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DNS [4] 15, 22]), large eddy simulation (LES) [23] and a Harmonic Balance Method (HBM) [24]]. We also further study
the oblique-wave breakdown case and compare our NOWNS results to the experimental and DNS results of Berlin et al.
(1999) [19]). Linear OWNS has previously been used to study laminar-turbulent transition in high-speed boundary-layer
flows [11]], so we additionally plan to extend the NOWNS framework to support high-speed flows.

V. Appendices

A. Linearized Navier-Stokes Operators
Here we present the operators for the Navier-Stokes equations. The operators for the first derivatives, A, By, and B,
are given by

u -v 0 0 O vy 0 -v 0 0 w 0 0 —-v O
0O u 0 0 O 0O v O OO0 0O w 0O O O
A(g)=1 0 0 u 0 O], By(g)=|0 0 0 0|, B;(¢)=] 0 O w 0 O [,
0O 0 0 u O 00 v 0 0O 0 0 w O
0O vp 0 0 u 00 yvp 0 v 0 0 0 vyp w
while the operator for the second derivative, B3, is given by
0 0 0 0 0
0 -5 0 0 0
By(q) = 0 0 ~Re 0 0
0 0 0 - 0
& 0 0 0 -z
Finally, the operator C that we get using the Reynolds decomposition is given by
ov ov ov
) —V'll Ox 6_y 6_2 0
1 d d d
g—i—EVzu a—; a—; 6—;’ 0
_ 1 o Fl d
C(q) = g—‘;—R—eVQV ﬁ a_; 6—; 0
1 ) d d
2 p 2
A a_I; & YVou- g5V

B. Parabolization using the OWNS projection procedure

The eigenvalues of A(§) determine which modes are upstream- and downstream-going. Therefore, is helpful,
but not necessary, to transform to characteristic variables (based on the eigen-decomposition of A(§)) to derive the
OWNS parabolization procedure. The eigen-decomposition of A(§) is known analytically, with eigenvectors 7'(g) and
eigenvalues

A =T@OADT (@), 1)
We define the disturbance in the characteristic variables
$(x,y,2,1) =T(9)q" (x,y,2,1), (22)

which we will use to parabolize our stability equations. From now on, we drop the argument to 7 and assume that it is
evaluated at g. To transform our equation to characteristic variables, we pre-multiply by T and use ¢’ = T~ ¢ to obtain

-1
TA(q)@ =TL(§T ' ¢p+Tf. (23)
X
Using the streamwise derivative
T '¢) or"! _,0¢
dx  Ox i ox’
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we define the linear operator and the forcing function in characteristic variables

< o _or!
L(q)=TL(@)T"" -TA(q) o (24a)
f=Tf, (24b)
which results in p
A@SE =L@e+ T ©3)

This equation still supports both upstream- and downtream-going modes, so we will now outline how to remove the
upstream effects.

The OWNS projection (OWNS-P) [13] supports inhomogeneous equations of the form (23)), while the OWNS
outflow (OWNS-O) supports only homogeneous equations of the form [28]. The nonlinear terms in NOWNS can be
treated as a forcing function, so we will consider only the OWNS-P approach. Throughout this section, we drop the
argument § to our linear operators for brevity. First we note that the diagonal matrix A can be re-organized as

A O 0
A=|l0 A__ 0], (26)
0 0 Agy

for the N, positive eigenvalues Ay, the N_ negative eigenvalues A__, and the N zero eigenvalues Ago = 0. We can
further define

e A++ 0 ¥ Z++ Z:+— ¥ Z:+0
= ~ N =1 ~ ~ N L =\~ 9 27
++ 0 A ++ i, L. +0 i (27)
and ~
¢ | [+
¢ = s =12 (28)
$o Jo
so that our equations become
_ 0. - .
Asy (9¢_ =Lis@s + Lioo + fu, (29a)
X
0= Lo:¢s + Loodo + fo. (29b)
which is a differential algebraic equation (DAE) of index 1. We can use the algebraic constraint (Z9b)) to obtain
¢o = ~Log [Loss + fol. (30)
and we define
M = AN;:}: [Z‘:t:t - Zioz,aolzloi], (313.)
g = ALllfa - LuoLgg fol, (31b)
so that our DAE can be written as the ODE P
9P _ mgp, 1 g (32)
Ox

The upstream- and downstream-going modes of (32)) can be determined based on the eigenvalues of M, according to
Brigg’s criterion [28] 29], which can then be used to introduce well-posed one-way equations, according to the criterion
of Kreiss [30].

The linear operator M has the eigen-decomposition M = VDV ™! and the solution ¢, can be expanded as a linear
combination of V

N
¢ =V = v Wy,
k=1
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From Brigg’s criterion, we know that M has N, upstream- and N_ downstream-going modes. Therefore, we can further
partition V into its downstream- (V,) and upstream-going (V_) components so that

2
po=vy=|ve v ]"),
with the eigenvalues
D
D= " 0 )
0 D__
We use the eigensystem of M to define a projection operator
p=v| Oy,
0 0

which retains the downstream-going modes associated with ¢, while removing the upstream-going modes associated
with ¥ _ such that
¢/¢:P¢:, ¢Z= [/ - Plg..
Explicitly using Brigg’s criterion to identify upstream- and downstream-going modes in a rigorous way would be
computationally expensive, so we instead apply the projection operator approximately using a recursive filter [[15] 28].
However, to simplify the exposition, we will delay the discussion of the approximate projection operator until
section[V.B.1l
We use linearity to assert that
ag. ¢!
ox * ox

and it is shown in [[15] that P and M commute so that

=P[M¢.+gl+[I-Pl[Mp. +g].

PM¢. = MP¢¢ :M¢/i’
[I - PlM¢. =M[I-Plp. = M.

The equations can be split in two

¢’

=M¢. +Pg, (33a)
ox
a ’
;t =M¢) +[I-Plg, (33b)
x

so that we can solve two one-way equations to recover the full elliptic solution as

.+ ¢ =Pp.+[I-Plp. = ¢..
It was demonstrated in [15]] that two one-way equations can be solved to recover the full two-way solution.
1. Approximate projection operator

It is computationally expensive to construct the exact projection operator, so we will apply it approximately using
the recursive filter approach described in [[15]]. It is shown in [[15] that applying the following equations

(=Ne) = (34a)

(M -iBD1)¢" — (M- i L)l =0, =1, Ny -1 (34b)
(M =-ipO 1) — (M -ip"L)pl " = (M - ip0 1) ¢ (34c)
(M~ i 1)¢Y) — (M —ipV1)¢V*™) =0, j=0,...,N,~1 (34d)
pNe) =0, (34e)
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to the elliptic variable ¢.. results in the parabolic variable ¢i0). Then we use the algebraic constraint to obtain ¢y.
Here, {ﬂij ) }j.vzbo_l are termed the recursion parameters, while {¢/) }j.vzb_ N, are termed the auxiliary variables. Finally,
the projection operator can also be applied approximately using the OWNS recursive (OWNS-R) approach [31]], which
entails a lower computational cost than OWNS-P. However, we prefer the OWNS-P approach because we have found it

to be more robust.

2. Approximate projection operator applied to equations

We have demonstrated how to apply the approximate projection operator to our disturbance variable, but we also

wish to apply it to our equations. We wish to solve the equation

a9’

Fral P[M¢, +g],
X

using our approximate projection operator. First we note that this is equivalent to

09, -7 @ +End + F
v PALL[Liel + Lio®) + ful,

0= Lo, + Loo®) + fo.
and then we define the residual

ri(¢) = A;Jlf [Z‘ii¢i + Zu_r0¢0 + ft],

ro(¢) = Lo+ + Loodo + fo,

so that
¢’
£ _ P . ’ ,
_= = Pru(¢)
0=ro(¢’).
Then we apply the recursive filter to r.(¢”) as
ri_NIJ) - 0

M —iBD1)rd) — (M =i LyrT ™ =0, j=1,...,Np -1
M =ipO1)r? — (M —ipO 1)riY = (M - ip O L)r.
M =i 1)rY — (- i)Y =0, j=0,...,N,—1
+ + +

riVe) =,

Alternatively, we can expand this filter to include ry(¢’) as
riNe) — 0
(L-iBD Ayr) — (L -ip Ayr=i=D =0, j=1,...,Ny—1
(L-ipDA)r® — (L -ip @ A)rD = (L -ip® A)r
(L—ipY Ayr) — (L -ipD AyrU*D =0, j=0,...,Ny—1

r(_Nh) - 0’

with the additional constraint

0) _
rO =ro,
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(35)

(36a)
(36b)

(37a)
(37b)

(38a)
(38b)

(39a)
(39b)
(39¢)
(394d)
(3%)

(40a)
(40b)
(40c¢)
(40d)
(40e)

(40f)



where we should have ry = 0. We introduce the auxiliary variables
. J(: Np) 1

r(=Np+1)

r(_l)

Daux = r© s 41
(1)
r

r(No—1)

r(Nb)

and the operators P} and P,, where P;r gives the right-hand-side of (40), while P¢,ux gives the left-hand-side. Then,
we extract rio) from ¢,ux as r(io) = P3¢ux- The action of the approximate projection operator on the equations can be
expressed compactly as

r<r0) = P3@aux, (42a)
Pa@aux = Prr, (42b)
which allows us to write our equations as
a ’
a¢i = P3@aux (43a)
X
P2¢aux = Plrt(¢,)’ (43b)
0=ro(¢"), (43¢)
or
qA
(9¢_ = P3¢aux» (44a)
X
Padaux = PIAZL [ Lasd, + Loty + f), (44b)
0= Lo+o + Lood; + fo- (440)

We note that if ro(¢’) = 0, then we will have the constraint réo) =0.

C. Recursion parameter sets
The recursion parameters are chosen based on the eigenvalues of the Euler equations linearized about a uniform
flow, as described in [28]]. The eigenvalues are
ik —M, + u(2) -M, — u(z)

a. = —, lag (z) =1k = , lag (z) =ik —

i

where M, = ii/¢ is the local streamwise Mach number, k = w/¢ is the streamwise wave number, z is a composite
wave-number (for the transverse directions), and the function u(z) is given by

p(z) = /1= (1= M3)22.

For subsonic boundary layer flows, we use the same recursion parameters as in [[10], which differ slightly from those
developed originally in [28]], so we will briefly explain the new choice of recursion parameters.

The present choice of recursion parameters are separated into the following groups: (i) vortical modes, which
replace convective modes, (ii) fast and slow stream evanescent acoustic modes, and (iii) fast and slow stream propagating
acoustic modes, where fast stream modes are associated with the free-stream streamwise Mach number, while slow
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stream modes are associated with a small Mach number (inside the boundary layer). The recursion parameters for the
vortical modes of the present study match closely the parameters for convective modes in [28]], while the recursion
parameters for the propagating acoustic modes are distributed the same way in both the present study and in [28]. The
parameters for the evanescent acoustic modes are distributed in a slightly different way, so we focus our discussion on
these parameters.

To distribute the parameters for the evanescent acoustic modes, we define

ok
T1-M]

Ly
Ne NMm = I.SA—y,

where Ly, is the (dimensionless) extent of the domain in the wall-normal direction, while Ay is the (uniform) wall-normal
grid-spacing. These define the spacing parameter

r](h)znm+ (nc+0.lu—nm), h=0,...,N, -1,

Ne—1 Ne -1

which in turn defines
u™ =™y, h=0,...,N.-1.
This contrasts with the choice L

ﬂ(h) = ﬂmaxm, h

used in [28]], where pmax = #(Zmax)- Here, zmax represents the maximum transverse wave number supported by the
semi-discrete Euler equations (wave numbers larger than zy,ax need not be considered because they are not supported by
the semi-discrete equations). The present approach considers a range of z near zy,y (distributed according to ("))
which is then used to define ,u(h), while the approach presented in [28]] considers only one z to get timax, Which is then
used to define ") spaced linearly over [0, gmax]. The present approach is advantageous because y(z) is nonlinear in z.

The recursion parameter sets for a subsonic boundary layer flow are summarized in table[I} The fast-stream values
are denoted k| and M +.1, while the slow-stream values are denoted k, and M +.2. The acoustic modes must be computed
for both the fast- and slow-stream values.

0,....2N. -1,

Type Spacing 7 BY
i )y = ki b (k _ Kk N () ZZMy g ()
Vortical b = M)i,l + N (M,;2 M)l,l) (I+0)bY 1_12\,1222 bY
h=0,...,N, -1
: = M okin D M ok—p D
Evanescent acoustic ~ u™ = k2 — (1 — M2)(nM)?2 —Afx_l;;’z‘ ! —Mlx_kMé‘ !
h=0,...,N.—1
. ] (h) _ _h_ — M +cos 07 — M, —cos 02/+D
Propagating acoustic 0% = §-7/2 k== M2

h=0,...,2N, -1

Table 1 Recursion parameter sets for subsonic boundary layer flows.
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