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We extend the One-Way Navier Stokes (OWNS) approach to support nonlinear interactions
between waves of different frequencies, which will enable nonlinear analysis of instability and
transition. In linear OWNS, the linearized Navier-Stokes equations are modified such that
upstream propagating modes are removed, so that they can be solved efficiently in the frequency
domain as a spatial initial-value (marching) problem. Linear OWNS confers numerous
advantages over the parabolized stability equations (PSE) that we seek to extend to nonlinear
analysis. In the proposed method, the fully nonlinear Navier-Stokes equations are marched in
the downstream direction. At each step of the march, the projection operator from the linear
OWNS procedure is applied to (approximately) remove modes with upstream group velocity.
We validate the method by examining the nonlinear evolution of two- and three-dimensional
disturbances in a low-speed Blasius boundary layer by comparing with PSE and DNS results
from the literature.

I. Introduction
Hydrodynamic stability analysis is a critical tool for predicting laminar-turbulent transition in boundary layer flows.

Modern industry tools use linear theory to predict transition onset, often using either the 𝑒𝑁 -method [1, 2] or the
variable 𝑁-factor approach [3] to extrapolate through nonlinear transition. Fundamentally, transition can be studied
using direct numerical simulation (DNS) [4–6], but this approach is limited by its large computational cost. The
nonlinear parabolized stability equations (PSE) entail a much lower computational cost [7], but convergence issues
limit its use to the early stages of transition [8, 9]. Even in the linear case, however, PSE is unable to (accurately) track
non-modal and multi-modal instabilities [9], and its minimum step size for stability prevents capturing all length scales
in the streamwise direction, which is particularly problematic when extending to the nonlinear regime.

Linear OWNS overcomes these limitations of linear PSE, but at a greater computational cost. The OWNS approach
does not have a minimum step size for stability, which means that arbitrarily small steps can be taken to resolve all of the
length scales, enabling OWNS to capture non-modal and multi-modal interactions. The linear OWNS approach has
previously been applied to two-dimensional (2D) and three-dimensional (3D) boundary-layer flows [10]. In particular,
linear OWNS approach has proven useful for hypersonic boundary layer flows [11–13] where classical stability analysis
methods often fail. Previous work on linear OWNS has demonstrated its robustness, which makes it well-suited to
nonlinear stability analysis.

In this paper, we extend the OWNS methodology to support nonlinear interactions between waves of different
frequencies and spanwise wavenumbers. In section II we present the governing equations and details of the method. In
section III, we demonstrate and validate the nonlinear OWNS approach for 2D and 3D boundary-layer flows. Finally, in
section IV we present plans for future work.
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II. Method
The compressible Navier-Stokes equations are written in Cartesian coordinates in terms of the specific volume ν,

velocity 𝒖 = (𝑢, 𝑣, 𝑤), and pressure 𝑝:

𝐷ν

𝐷𝑡
− ν (∇ · 𝒖) = 0, (1a)

𝐷𝒖

𝐷𝑡
+ ν∇𝑝 =

1
𝑅𝑒

ν∇2𝒖, (1b)

𝐷𝑝

𝐷𝑡
+ 𝛾𝑝(∇ · 𝒖) = 𝛾

𝑃𝑟𝑅𝑒
(ν∇2𝑝 + 𝑝∇2ν). (1c)

We have non-dimensionalized the equations using the free-stream speed of sound (𝑐∞), the free-stream specific volume
(ν∞), the Blasius length scale (𝛿0 =

√︃
𝑥0ν∞
𝑐∞

), and the free-stream fluid properties. This study focuses on low-speed
boundary layer flows, so we approximate the fluid as a perfect gas with constant fluid properties.

We define a vector of flow quantities 𝒒 = (ν, 𝑢, 𝑣, 𝑤, 𝑝) and write the equations in operator form as

𝜕𝒒

𝜕𝑡
+ N(𝒒, 𝒒) = 0. (2)

where N is a bilinear operator

N(𝒒, 𝒒) = 𝐴(𝒒) 𝜕𝒒
𝜕𝑥

+ 𝐵𝑦 (𝒒)
𝜕𝒒

𝜕𝑦
+ 𝐵𝑧 (𝒒)

𝜕𝒒

𝜕𝑧
+ 𝐵2 (𝒒)

( 𝜕2𝒒

𝜕𝑥2 + 𝜕2𝒒

𝜕𝑦2 + 𝜕2𝒒

𝜕𝑧2

)
, (3)

where the 𝐴 and 𝐵 operators are defined in appendix IV.A. Here, 𝑥, 𝑦, 𝑧, correspond to the streamwise, transverse and
spanwise directions, respectively.

We introduce the Reynolds decomposition

𝒒(𝑥, 𝑦, 𝑧, 𝑡) = 𝒒̄(𝑥, 𝑦, 𝑧) + 𝒒′ (𝑥, 𝑦, 𝑧, 𝑡) (4)

where 𝒒̄ is a time-invariant equilibrium solution so that N(𝒒̄, 𝒒̄) = 0. The nonlinear disturbance equations are

𝜕𝒒′

𝜕𝑡
+ N( 𝒒̄, 𝒒′) + N (𝒒′, 𝒒̄) = −N(𝒒′, 𝒒′), (5)

where the nonlinear terms are on the right-hand side.
Previous work on linear OWNS has often neglected the second streamwise derivatives of the disturbance variable

(i.e., 𝜕2𝒒′/𝜕𝑥2) because this simplifies the spatial-marching procedure without significantly impacting the accuracy of
the solution [10, 11, 14]. Neglecting this term also greatly simplifies the exposition of the nonlinear OWNS procedure.
However, we have found that this term impacts significantly the accuracy of the nonlinear calculation, so we will first
neglect it to explain how the nonlinear OWNS procedure works, and then re-introduce it in an approximate way to
perform our stability calculations.

A. Semi-discrete stability equations
The OWNS procedure is applied to the semi-discrete stability equations, so we start by discretizing in the wall-normal

direction using a fourth-order central finite difference scheme. We define the linear operator 𝐶 (𝒒̄) such that

𝐶 ( 𝒒̄)𝒒′ = N(𝒒′, 𝒒̄), (6)

and then introduce the differentiation matrix 𝐷 where 𝜕𝒒/𝜕𝑦 ≈ 𝐷𝒒 and 𝜕2𝒒/𝜕𝑦2 ≈ 𝐷2𝒒, which is used to further
define the linear operator 𝐿 ( 𝒒̄) such that

𝐿 ( 𝒒̄)𝒒′ = 𝜕𝒒′

𝜕𝑡
+ 𝐵𝑦 ( 𝒒̄)𝐷𝒒′ + 𝐵𝑧 ( 𝒒̄)

𝜕𝒒′

𝜕𝑧
+ 𝐵2 (𝒒̄)

(
𝐷2𝒒′ + 𝜕2𝒒′

𝜕𝑧2

)
+ 𝐶 ( 𝒒̄)𝒒′, (7)

The linear terms are now written

𝐴(𝒒̄) 𝜕𝒒
′

𝜕𝑥
+ 𝐵2 (𝒒̄)

𝜕2𝒒′

𝜕𝑥2 + 𝐿 ( 𝒒̄)𝒒′ = 𝜕𝒒′

𝜕𝑡
+ N( 𝒒̄, 𝒒′) + N (𝒒′, 𝒒̄),
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while for the nonlinear terms we define

𝑭(𝒒′) = −𝐵𝑦 (𝒒′)𝐷𝒒′ − 𝐵𝑧 (𝒒′)
𝜕𝒒′

𝜕𝑧
− 𝐵2 (𝒒′)

(
𝐷2𝒒′ + 𝜕2𝒒′

𝜕𝑧2

)
, (8)

so that
𝑭(𝒒′) − 𝐴(𝒒′) 𝜕𝒒

′

𝜕𝑥
− 𝐵2 (𝒒′)

𝜕2𝒒′

𝜕𝑥2 = −N(𝒒′, 𝒒′).

Neglecting the second streamwise derivatives of the disturbance variable (temporarily, as discussed above), we obtain

𝐴(𝒒̄) 𝜕𝒒
′

𝜕𝑥
+ 𝐿 (𝒒̄)𝒒′ = 𝑭(𝒒′) − 𝐴(𝒒′) 𝜕𝒒

′

𝜕𝑥
, (9)

which is the nonlinear elliptic stability equation in primitive variables.

B. Transformation to characteristic variables
The nonlinear OWNS solution procedure mimics closely the linear OWNS procedure outlined in [15], which solves

the equations in characteristic variables. The operator 𝐴(𝒒̄) is diagonalized as

𝐴̃( 𝒒̄) = 𝑇 ( 𝒒̄)𝐴( 𝒒̄)𝑇−1 ( 𝒒̄), (10)

and we define the disturbance in characteristic variables

𝝓(𝑥, 𝑦, 𝑧, 𝑡) = 𝑇 (𝒒̄)𝒒′ (𝑥, 𝑦, 𝑧, 𝑡). (11)

From now on, we drop the argument to 𝑇 and assume that it is evaluated at 𝒒̄. To transform our equation to characteristic
variables, we pre-multiply by 𝑇 and use 𝒒′ = 𝑇−1𝝓 to obtain

𝑇𝐴( 𝒒̄) 𝜕 (𝑇
−1𝝓)
𝜕𝑥

+ 𝑇𝐿 ( 𝒒̄)𝑇−1𝝓 = 𝑇𝑭(𝑇−1𝝓) − 𝑇𝐴(𝑇−1𝝓) 𝜕 (𝑇
−1𝝓)
𝜕𝑥

. (12)

Using the streamwise derivative
𝜕 (𝑇−1𝝓)

𝜕𝑥
=

𝜕𝑇−1

𝜕𝑥
𝝓 + 𝑇−1 𝜕𝝓

𝜕𝑥
,

we define the linear operator and nonlinear term in characteristic variables

𝐿̃ (𝑞) = 𝑇𝐿 ( 𝒒̄)𝑇−1 + 𝑇𝐴(𝒒̄) 𝜕𝑇
−1

𝜕𝑥
,

𝑭̃(𝝓) = 𝑇𝑭(𝑇−1𝝓) − 𝑇𝐴(𝑇−1𝝓) 𝜕𝑇
−1

𝜕𝑥
𝝓,

which results in
𝐴̃( 𝒒̄ + 𝑇−1𝝓) 𝜕𝝓

𝜕𝑥
+ 𝐿̃ ( 𝒒̄)𝝓 = 𝑭̃(𝝓), (13)

the nonlinear elliptic stability equation in characteristic variables.

C. Parabolization using the OWNS projection procedure
We wish to apply a spatial-marching procedure to (13), but it is elliptic and supports both upstream- and downstream-

going modes, so we will parabolize it using the OWNS projection (OWNS-P) procedure. OWNS-P has been successfully
applied to linear-inhomogeneous equations of the form

𝐴̃( 𝒒̄) 𝜕𝝓
𝜕𝑥

+ 𝐿̃ ( 𝒒̄)𝝓 = 𝒇 , (14)

where 𝒇 is an arbitrary forcing function. We show below that this approach readily extends to nonlinear equations of the
form (13), where the nonlinear terms are treated as a forcing function.
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In linear OWNS-P, we isolate 𝜕𝝓/𝜕𝑥 as
𝜕𝝓

𝜕𝑥
= 𝑀 + 𝒈,

for
𝑀 = −𝐴̃−1 𝐿̃, 𝒈 = 𝐴̃−1 𝒇 .

where 𝑀 has the eigen-decomposition 𝑀 = 𝑉𝐷𝑉−1 and the argument 𝒒̄ has been dropped for brevity. The solution can
be expanded as a linear combination of 𝑉

𝝓 = 𝑉𝝍 =

𝑁∑︁
𝑘=1

𝒗 (𝑘 )𝜓𝑘 ,

and we can further partition 𝑉 into its downstream- (𝑉 ′) and upstream-going (𝑉 ′′) components so that

𝝓 = 𝑉𝝍 =

[
𝑉 ′ 𝑉 ′′

] [𝝍′

𝝍′′

]
,

with the eigenvalues

𝐷 =

[
𝐷′ 0
0 𝐷′′

]
.

Whether an eigenvector is upstream- or downstream-going is determined based on its eigenvalue, according to the
well-posedness theory of Kreiss [16], as described in [14]. Here, 𝐷′ denotes downstream-going eigenvalues, while 𝐷′′

denotes upstream-going eigenvalues. We use the eigensystem of 𝑀 to define a projection operator

𝑃 = 𝑉

[
𝐼 0
0 0

]
𝑉−1,

which retains the downstream-going modes associated with 𝜓′ while removing the upstream-going modes associated
with 𝜓′′ such that

𝝓′ = 𝑃𝝓, 𝝓′′ = [𝐼 − 𝑃]𝝓.
Explicitly finding the eigensystem of 𝑀 is computationally expensive, and we avoid doing so by seeking an approximation
to 𝑃 using a recursive filtering approach to remove the upstream-going modes [14, 15]. We will use the exact projection
operator to explain the remainder of the nonlinear OWNS procedure, and then we will discuss how to approximate the
projection operator in section II.J.

We use linearity to assert that

𝜕𝝓′

𝜕𝑥
+ 𝜕𝝓′′

𝜕𝑥
= 𝑃(𝒒̄) [𝑀 ( 𝒒̄)𝝓 + 𝒈] + [𝐼 − 𝑃( 𝒒̄)] [𝑀 ( 𝒒̄)𝝓 + 𝒈],

and it is shown in [15] that 𝑃 and 𝑀 commute so that

𝑃( 𝒒̄)𝑀 ( 𝒒̄)𝝓 = 𝑀 ( 𝒒̄)𝑃( 𝒒̄)𝝓 = 𝑀 (𝒒̄)𝝓′,

[𝐼 − 𝑃(𝒒̄)]𝑀 ( 𝒒̄)𝝓 = 𝑀 ( 𝒒̄) [𝐼 − 𝑃(𝒒̄)]𝝓 = 𝑀 ( 𝒒̄)𝝓′′.

The equations can be split in two

𝜕𝝓′

𝜕𝑥
= 𝑀 (𝒒̄)𝝓′ + 𝑃( 𝒒̄)𝒈,

𝜕𝝓′′

𝜕𝑥
= 𝑀 (𝒒̄)𝝓′′ + [𝐼 − 𝑃( 𝒒̄)]𝒈,

so that we can solve two one-way equations to recover the full elliptic solution as

𝝓′ + 𝝓′′ = 𝑃( 𝒒̄)𝝓 + [𝐼 − 𝑃( 𝒒̄)]𝝓 = 𝝓.

We will follow a similar procedure to define two nonlinear one-way equations for (13). However, by solving the nonlinear
one-way equations separately, we are losing information about how the full elliptic solution affects the nonlinear term
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(i.e., 𝑭(𝝓) is different from 𝑭(𝝓′)), so we will not able to use linear superposition to recover the full elliptic solution
after solving for 𝝓′ and 𝝓′′.

We will now define our nonlinear one-way equations. First we rearrange (13) as

𝜕𝝓

𝜕𝑥
= 𝐴̃(𝒒̄)−1 [𝐿̃ ( 𝒒̄)𝝓 + 𝐴̃(𝑇−1𝝓) 𝜕𝝓

𝜕𝑥
− 𝑭̃(𝝓)], (15)

and then applying the projection operator results in the following one-way equations

𝜕𝝓′

𝜕𝑥
= − 𝑃(𝒒̄)

(
𝐴̃( 𝒒̄)−1 [𝐿̃ ( 𝒒̄)𝝓 + 𝐴̃(𝑇−1𝝓) 𝜕𝝓

𝜕𝑥
− 𝑭̃(𝝓)]

)
, (16a)

𝜕𝝓′′

𝜕𝑥
= − [𝐼 − 𝑃( 𝒒̄)]

(
𝐴̃( 𝒒̄)−1 [𝐿̃ (𝒒̄)𝝓 + 𝐴̃(𝑇−1𝝓) 𝜕𝝓

𝜕𝑥
− 𝑭̃(𝝓)]

)
. (16b)

Notice that we recover the full elliptic equation if we sum (16a) and (16b) together. Also notice that these equations can
give us a stable one-way march, but the full elliptic solution (and its effect on the nonlinear terms) will be unknown if
we apply a one-way march, so we must instead consider the equation

𝜕𝝓′

𝜕𝑥
= −𝑃( 𝒒̄)

(
𝐴̃(𝒒̄)−1 [𝐿̃ (𝒒̄)𝝓′ + 𝐴̃(𝑇−1𝝓′) 𝜕𝝓

′

𝜕𝑥
− 𝑭̃(𝝓′)]

)
, (17)

where we have modified (16a) such that the nonlinear terms depend on 𝝓′ (known) instead of 𝝓 (unknown). We will
be missing information about upstream effects on the nonlinear term, but we plan to solve (17) to study convective
instabilities, so it is reasonable to assume that the upstream-going modes have a relatively small effect on the overall
solution.

D. Spatial marching
Previous work on linear OWNS has used the backward-differentiation formula (BDF) to march the equations in

𝑥 [10, 11]. We have found that this also works well for nonlinear OWNS, so we apply an 𝑠-step BDF scheme to the
elliptic equation (13) to obtain

𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝝓 (𝑘+1−𝑙)
+ = −Δ𝑥

(
𝐴̃( 𝒒̄ (𝑘+1) + 𝑇−1𝝓 (𝑘+1)

+ )−1 [𝐿̃ (𝒒̄ (𝑘+1) )𝝓 (𝑘+1)
+ − 𝑭̃(𝝓 (𝑘+1)

+ )]
)
, (18)

which we rearrange as
𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝝓 (𝑘+1−𝑙)
+ = − 𝐴̃( 𝒒̄ (𝑘+1) )−1 [Δ𝑥𝐿̃ (𝒒̄ (𝑘+1) )𝝓 (𝑘+1)

+

+
𝑠−1∑︁
𝑙=0

𝑐 (𝑙) 𝐴̃(𝑇−1𝝓 (𝑘+1)
+ )𝝓 (𝑘+1−𝑙)

+ − Δ𝑥𝑭̃(𝝓 (𝑘+1)
+ )] .

(19)

This equation is elliptic, so we use the projection operator to obtain
𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝝓 (𝑘+1−𝑙)
+ = − 𝑃( 𝒒̄ (𝑘+1) ) 𝐴̃( 𝒒̄ (𝑘+1) )−1 [Δ𝑥𝐿̃ ( 𝒒̄ (𝑘+1) )𝝓 (𝑘+1)

+

+
𝑠−1∑︁
𝑙=0

𝑐 (𝑙) 𝐴̃(𝑇−1𝝓 (𝑘+1)
+ )𝝓 (𝑘+1−𝑙)

+ − Δ𝑥𝑭̃(𝝓 (𝑘+1)
+ )],

(20)

which is a parabolic equation that supports only downstream-going modes.

E. Equations in Fourier space
If the disturbances are periodic in time with frequency 𝜔 and in the spanwise direction with wavenumber 𝛽, then

they can be represented using a truncated Fourier series

𝝓(𝑥, 𝑦, 𝑧, 𝑡) =
𝑀∑︁

𝑚=−𝑀

𝑁∑︁
𝑛=−𝑁

𝝓𝑚𝑛 (𝑥, 𝑦)𝑒𝑖 (𝑛𝛽𝑧−𝑚𝜔𝑡 ) . (21)
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The disturbance must be real-valued, so that we must have (𝝓−𝑚,−𝑛)∗ = 𝝓𝑚𝑛, where (·)∗ denotes the complex conjugate.
Therefore, we need only solve (𝑀 + 1) × (2𝑁 + 1) equations instead of (2𝑀 + 1) × (2𝑁 + 1) equations since roughly
half of the equations are redundant. When desired, we can further reduce the number of equations to (𝑀 + 1) × (𝑁 + 1)
by employing a symmetry condition in 𝑧, as described in section II.G

In linear OWNS (for waves of infinitesimal amplitude), the nonlinear terms are neglected and all Fourier modes
(𝑚, 𝑛) evolve independently of each other so that we can consider each mode separately as

𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝝓 (𝑘+1−𝑙)
𝑚𝑛 = −Δ𝑥𝑃𝑚𝑛 ( 𝒒̄ (𝑘+1) ) 𝐴̃−1 ( 𝒒̄ (𝑘+1) ) 𝐿̃𝑚𝑛 ( 𝒒̄ (𝑘+1) )𝝓 (𝑘+1)

𝑚𝑛 ,

for the linear operator

𝐿̃𝑚𝑛 = −𝑖𝑚𝜔𝐼 + 𝑇𝐵𝑦𝐷𝑇
−1 + 𝑖𝑛𝛽𝑇𝐵𝑧𝑇

−1 + 𝑇𝐵2𝑇
−1 [𝐷2 − 𝑛2𝛽2𝐼] + 𝑇𝐶𝑇−1 + 𝑇𝐴

𝜕𝑇−1

𝜕𝑥
, (22)

for 𝑚 = −𝑀, . . . , 𝑀 and 𝑛 = −𝑁, . . . , 𝑁 . However, in nonlinear OWNS (for waves of finite amplitude) the nonlinear
terms are no longer negligible and all Fourier modes (𝑚, 𝑛) become coupled. We will compute the Fourier components
of the nonlinear terms so that we can solve (20) in Fourier space.

We define a nonlinear marching term

𝑮̃ (𝝓 (𝑘+1)
+ , . . . , 𝝓 (𝑘+2−𝑠)

+ ) =
𝑠−1∑︁
𝑙=0

𝐴̃(𝑇−1𝝓 (𝑘+1)
+ )𝝓 (𝑘+1−𝑙)

+ , (23)

and expand the nonlinear terms in a Fourier series

𝑭̃(𝝓 (𝑘+1)
+ ) =

𝑀∑︁
𝑚=−𝑀

𝑁∑︁
𝑛=−𝑁

𝑭̂ (𝑘+1)
𝑚𝑛 𝑒𝑖 (𝑛𝛽𝑧−𝑚𝜔𝑡 ) , (24)

𝑮̃ (𝝓 (𝑘+1)
+ , . . . , 𝝓 (𝑘+2−𝑠)

+ ) =
𝑀∑︁

𝑚=−𝑀

𝑁∑︁
𝑛=−𝑁

𝑮̂ (𝑘+1)
𝑚𝑛 𝑒𝑖 (𝑛𝛽𝑧−𝑚𝜔𝑡 ) . (25)

Finally, we use the orthogonality of 𝑒𝑖 (𝑛𝛽𝑧−𝑚𝜔𝑡 ) to get (2𝑀 + 1) × (2𝑁 + 1) equations (where some equations are
redundant, as described above)

𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝝓 (𝑘+1−𝑙)
𝑚𝑛 = −𝑃𝑚𝑛 (𝒒̄ (𝑘+1) ) 𝐴̃( 𝒒̄ (𝑘+1) )−1 [Δ𝑥𝐿̃𝑚𝑛 (𝒒̄ (𝑘+1) )𝝓 (𝑘+1)

𝑚𝑛 + 𝑮̂ (𝑘+1)
𝑚𝑛 − Δ𝑥𝑭̂ (𝑘+1)

𝑚𝑛 ], (26)

for all 𝑚 = −𝑀, . . . , 𝑀 and 𝑛 = −𝑁, . . . , 𝑁 . We see that nonlinear OWNS results in a system of linear OWNS equations
that are coupled through the nonlinear terms.

The Fourier series of the nonlinear terms is computed using a pseudo-spectral approach. The variables are first
transformed to physical space using the inverse Fast Fourier Transform, and the nonlinear products are formed in the
physical space. The nonlinear term is then transformed back to Fourier space and dealiased using the 3/2 rule.

F. Special treatment of the zero-frequency modes
Linear OWNS has been applied extensively to cases where 𝜔 ≠ 0 (i.e., non-zero temporal frequency), but it has

been used less extensively for cases where 𝜔 = 0 (i.e., zero temporal frequency). Previous work has used linear OWNS
to study cases with 𝜔 = 0 by choosing a small temporal frequency such that |𝜔 | > 0. In particular, this approach has
been used to study streaks in boundary layer flows [12].

This approach works well for linear OWNS, but we have not yet been able to robustly adapt it to the nonlinear
case. For now, we consider an alternative approach developed for PSE to avoid projecting the zero-frequency modes.
Namely, the zero frequency equation is parabolized by neglecting the streamwise pressure gradient (𝜕𝑝0,𝑛/𝜕𝑥) and
the streamwise diffusion terms (𝜕2 𝒒̂0,𝑛/𝜕𝑥2). Future work will investigate how to project properly the zero-frequency
modes for nonlinear OWNS such that this ad hoc treatment is eliminated.
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G. Spanwise symmetry
For the test cases we study here, the disturbance variable is constrained to be symmetric in the spanwise (𝑧) direction,

and the number of equations can be reduced. In primitive variables, all variables have even-symmetry, with the exception
of the 𝑤-velocity which has odd-symmetry,

ν̂𝑚,−𝑛 = ν̂𝑚,𝑛,

𝑢̂𝑚,−𝑛 = 𝑢̂𝑚,𝑛,

𝑣̂𝑚,−𝑛 = 𝑣̂𝑚,𝑛,

𝑤̂𝑚,−𝑛 = −𝑤̂𝑚,𝑛,

𝑝𝑚,−𝑛 = 𝑝𝑚,𝑛.

H. Boundary conditions
At the wall, we impose no-slip isothermal boundary conditions (𝑢′ = 𝑣′ = 𝑤′ = 𝑇 ′ = 0), while we solve for the

specific volume, ν′, at the wall using the (nonlinear) continuity equation. At the far-field boundary, we impose 1D (in 𝑦)
inviscid Thompson characteristic boundary conditions to prevent spurious numerical reflections [17]. The inviscid
assumption is valid because viscous effects from the boundary layer are negligible in the far-field. This choice of
boundary conditions matches the boundary conditions used previously for linear OWNS [10, 11]. The Thompson
characteristic boundary condition (as implemented in our code) is based on the linearized Navier-Stokes equations.
However, this choice is reasonable because nonlinear effects are negligible far from the boundary layer.

Some previous work on PSE has used characteristic boundary conditions in the far-field [8]. However, other previous
work on PSE has used the far-field boundary condition 𝒒̂′𝑚𝑛 (𝑦max) = 0 [18]. The boundary layer must be allowed to
grow in the wall-normal direction (due to nonlinear interactions), so we cannot have 𝑣̂′00 (𝑦max) = 0 for the mean-flow
distortion (MFD). Instead, we must use either characteristic boundary conditions, or choose 𝜕𝑣̂′00/𝜕𝑦 = 0 at 𝑦max. The
characteristic far-field boundary conditions are advantageous because they allow us to use the same boundary conditions
for all modes, instead of handling the MFD as a separate case.

I. Streamwise diffusion terms
As noted above, neglecting the streamwise diffusion terms simplifies the parabolization procedure. Moreover,

previous work on linear OWNS has reintroduced these terms (approximately) after parabolizing the equations, and
found that their inclusion did not affect significantly the results of the stability calculation [11]. However, we have
found that their impact on nonlinear OWNS is more pronounced, so we include them by discretizing second-streamwise
derivatives using a second-order backward difference scheme, which is similar to the procedure used previously for
linear OWNS [11]. Provided the resulting equations are stable (which we verify a posteriori), then, apart from the
parabolization error, the streamwise terms are included to 𝑂 (Δ𝑥2).

Thus we discretize the second-derivative of 𝝓𝑚𝑛 using a second-order backward difference as

𝜕2𝝓𝑚𝑛

𝜕𝑥2

���
𝑥=𝑥 (𝑘+1)

≈ 𝝓 (𝑘+1)
𝑚𝑛 − 2𝝓 (𝑘 )

𝑚𝑛 + 𝝓 (𝑘−1)
𝑚𝑛

(Δ𝑥)2 . (27)

Defining

𝑯̂ (𝑘+1)
𝑚𝑛 = 𝑇𝐵2 (𝒒̄)

(
𝑇−1 𝝓

(𝑘+1)
𝑚𝑛 − 2𝝓 (𝑘 )

𝑚𝑛 + 𝝓 (𝑘−1)
𝑚𝑛

Δ𝑥
+ 2

𝑠−1∑︁
𝑙=0

𝑐 (𝑙)
𝜕𝑇−1

𝜕𝑥
𝝓 (𝑘+1−𝑙)
𝑚𝑛 + Δ𝑥

𝜕2𝑇−1

𝜕𝑥2 𝝓 (𝑘+1)
𝑚𝑛

)
we can write

𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝝓 (𝑘+1−𝑙)
𝑚𝑛 = −𝑃𝑚𝑛 ( 𝒒̄ (𝑘+1) ) 𝐴̃−1 ( 𝒒̄ (𝑘+1) ) [Δ𝑥𝐿̃𝑚𝑛 ( 𝒒̄ (𝑘+1) )𝝓 (𝑘+1)

𝑚𝑛 + 𝑯̂ (𝑘+1)
𝑚𝑛 + 𝑮̂ (𝑘+1)

𝑚𝑛 − Δ𝑥𝑭̂ (𝑘+1)
𝑚𝑛 ] . (28)

which constitutes the final set of (exact) equations we solve in nonlinear OWNS.

7



J. Approximate projection operator
Constructing the exact projection operator, 𝑃𝑚𝑛 ( 𝒒̄), requires the eigen-decomposition of 𝑀𝑚𝑛 ( 𝒒̄) = 𝐴̃−1 ( 𝒒̄) 𝐿̃𝑚𝑛 ( 𝒒̄)

which is computationally expensive and can be avoided by employing the recursive filtering approach described in [15].
Given the (real-valued) diagonal operator 𝐴̃( 𝒒̄), we identify the 𝑁+ positive entries 𝐴̃++ (𝒒̄), the 𝑁− negative entries
𝐴̃−− ( 𝒒̄), and the 𝑁0 zero entries 𝐴̃00 ( 𝒒̄) = 0, such that 𝑁+ + 𝑁− + 𝑁0 = 𝑁𝑦 · 𝑁dim, where 𝑁𝑦 is the number of grid-point
in 𝑦 and 𝑁dim is the number of flow quantities (4 in 2D and 5 in 3D). We further define the components 𝝓+,𝑚𝑛, 𝝓−,𝑚𝑛,
and 𝝓0,𝑚𝑛 of 𝝓𝑚𝑛. If 𝑁0 > 0, then 𝐴̃( 𝒒̄) is singular: for a subsonic boundary layer flow, 𝐴̃(𝑞) is singular only at the
wall (after discretization) due to the boundary conditions (𝑢̄ = 0 at the wall).

It is shown in [15] that applying the following equations

𝝓−(𝑁𝑏 )
+,𝑚𝑛 = 0 (29a)

( 𝐿̃𝑚𝑛 − 𝑖𝛽 ( 𝑗 )
− 𝐴̃)𝝓 (− 𝑗 )

𝑚𝑛 − ( 𝐿̃𝑚𝑛 − 𝑖𝛽
( 𝑗 )
+ 𝐴̃)𝝓 (− 𝑗−1)

𝑚𝑛 = 0, 𝑗 = 1, . . . , 𝑁𝑏 − 1 (29b)

( 𝐿̃𝑚𝑛 − 𝑖𝛽 (0)
− 𝐴̃)𝝓 (0)

𝑚𝑛 − ( 𝐿̃𝑚𝑛 − 𝑖𝛽
(0)
+ 𝐴̃)𝝓 (−1)

𝑚𝑛 = ( 𝐿̃𝑚𝑛 − 𝑖𝛽 (0)
− 𝐴̃)𝝓𝑚𝑛 (29c)

𝐿̃0±,𝑚𝑛𝝓
(0)
±,𝑚𝑛 + 𝐿̃00,𝑚𝑛𝝓

(0)
0,𝑚𝑛

= 0 (29d)

( 𝐿̃𝑚𝑛 − 𝑖𝛽
( 𝑗 )
+ 𝐴̃)𝝓 ( 𝑗 )

𝑚𝑛 − ( 𝐿̃𝑚𝑛 − 𝑖𝛽 ( 𝑗 )
− 𝐴̃)𝝓 ( 𝑗+1)

𝑚𝑛 = 0, 𝑗 = 0, . . . , 𝑁𝑏 − 1 (29e)

𝝓 (𝑁𝑏 )
−,𝑚𝑛 = 0, (29f)

to the elliptic variable 𝝓𝑚𝑛 results in the parabolic variable 𝝓 (0)
𝑚𝑛. Here, {𝛽 ( 𝑗 )

± }𝑁𝑏−1
𝑗=0 are termed the recursion parameters,

while {𝝓 ( 𝑗 )
𝑚𝑛}𝑁𝑏

𝑗=−𝑁𝑏
are termed the auxiliary variables; the recursion parameter selection for subsonic boundary layer

flows is described in appendix IV.B. The action of the approximate projection operator on 𝝓𝑚𝑛 can be represented
compactly as

𝝓 (0)
𝑚𝑛 = 𝑃3𝝓aux,

𝑃2,𝑚𝑛𝝓aux = 𝑃1,𝑚𝑛𝝓𝑚𝑛,

where 𝑃1 represents the right-hand-side of (29), 𝑃2 represents the left-hand-side, and 𝑃3 extracts 𝝓 (0)
𝑚𝑛 from 𝝓aux. The

projection operator can also be applied approximately using the OWNS recursive (OWNS-R) approach [19], which
entails a lower computational cost than OWNS-P. We chose to develop nonlinear OWNS using the OWNS-P approach
because we found it be more robust, but the computational cost of nonlinear OWNS could be decreased by employing
the OWNS-R approach.

To solve (approximately) the nonlinear OWNS equation (28), we re-order our operators such that

𝐴̃ =

[
𝐴̃±± 0

0 0

]
, 𝐿̃𝑚𝑛 =

[
𝐿̃±±,𝑚𝑛 𝐿̃±0,𝑚𝑛

𝐿̃0±,𝑚𝑛 𝐿̃00,𝑚𝑛

]
, 𝒃̂𝑚𝑛 =

[
𝒃̂±,𝑚𝑛

𝒃̂0,𝑚𝑛

]
,

for the nonlinear term
𝒃̂𝑚𝑛 = 𝑯̂𝑚𝑛 + 𝑮̂𝑚𝑛 − Δ𝑥𝑭̂𝑚𝑛,

where 𝑁± = 𝑁+ + 𝑁− as in [15]. These operators define

𝐸 =

[
𝐼±± 0
0 0

]
, 𝑀𝑚𝑛 =

[
𝐴̃−1
±± 𝐿̃±±,𝑚𝑛 𝐴̃−1

±± 𝐿̃±0,𝑚𝑛

𝐿̃0±,𝑚𝑛 𝐿̃00,𝑚𝑛

]
, 𝒅𝑚𝑛 =

[
𝐴̃−1
±± 𝒃̂±,𝑚𝑛

𝒃̂0,𝑚𝑛

]
,

and for singular 𝐴̃, equation (28) becomes
𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝐸𝝓 (𝑘+1−𝑙)
𝑚𝑛 = −𝑃𝑚𝑛 ( 𝒒̄ (𝑘+1) ) [Δ𝑥𝑀𝑚𝑛 ( 𝒒̄)𝝓 (𝑘+1)

𝑚𝑛 + 𝒅 (𝑘+1)
𝑚𝑛 ],

where 𝑃𝑚𝑛 ( 𝒒̄ (𝑘+1) ) is still the exact projection operator. The approximate projection operator is applied by writing
𝑠−1∑︁
𝑙=0

𝑐 (𝑙)𝐸𝝓 (𝑘+1−𝑙)
𝑚𝑛 = 𝑃3𝝓aux

𝑃2,𝑚𝑛𝝓aux = −𝑃1,𝑚𝑛 [Δ𝑥𝑀𝑚𝑛 ( 𝒒̄)𝝓 (𝑘+1)
𝑚𝑛 + 𝒅 (𝑘+1)

𝑚𝑛 ],
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for each mode (𝑚, 𝑛).
Next we define the expanded state vector

𝝓‡
𝑚𝑛 =

[
𝝓𝑚𝑛

𝝓aux

]
,

and the associated operators

𝐴‡ =

[
𝐸 0
0 0

]
, 𝑀‡

𝑚𝑛 =

[
0 −𝑃3

Δ𝑥𝑃1,𝑚𝑛𝑀𝑚𝑛 𝑃2,𝑚𝑛

]
, 𝒅‡𝑚𝑛 =

[
0

−𝑃1,𝑚𝑛𝒅𝑚𝑛

]
.

These operators allow us to write

[𝑐 (0) 𝐴‡ + 𝑀‡
𝑚𝑛]𝝓

(𝑘+1)‡
𝑚𝑛 = 𝒅‡𝑚𝑛 −

𝑠−1∑︁
𝑙=1

𝑐 (𝑙)𝐸𝝓 (𝑘+1−𝑙)‡
𝑚𝑛 , 𝑚 = −𝑀, . . . , 𝑀, 𝑛 = −𝑁, . . . , 𝑁, (30)

which represents the approximate implementation of 28.

K. Solution procedure
Equation (30) comprises a block-diagonal system of equations where the modes (𝑚, 𝑛) are coupled only through the

nonlinear terms on the right-hand-side. We converge this system of equations using a quasi-Newton method where
the Jacobian depends only on the linear terms. This reduces the computational cost because instead of inverting one
large matrix that couples all of the modes together, we invert (𝑀 + 1) × (𝑁 + 1) smaller matrices (one for each mode).
Moreover, the Jacobian does not depend on the solution variable, so we perform the LU-decomposition of the Jacobian
matrix for each mode (𝑚, 𝑛) once (at each step of the march), and then solve this system iteratively until the residual
converges to the desired tolerance. The dominant computational cost is the LU-decompositions, which are independent
for all modes, so that the computational cost scales linearly in the number of modes.

III. Validation
We validate our nonlinear OWNS solver by applying it to 2D and 3D Blasius boundary layer flows for which there

are existing DNS and PSE results in the literature.

A. 2D Blasius boundary layer
To validate our 2D nonlinear OWNS (NOWNS) solver, we consider the incompressible test case developed in [7]. In

this test case, we use the Tollmien-Schlichting (TS) wave from parallel linear stability theory (LST) as the inlet boundary
condition, and we march downstream to study its nonlinear evolution. This case has been widely studied in the literature
using both nonlinear PSE (NPSE) and DNS, and we will compare our results to those presented in [20].

To approach the incompressible limit, we choose the Mach number 𝑀𝑎 = 0.1, while we use the dimensionless
temporal frequency 𝐹 = 𝜔∗ν∗∞/𝑈∗2

∞ = 86 × 10−6, where (·)∗ denotes a dimensional quantity. In 2D, we define the
amplitude, based on the maximum 𝑢-velocity, as

𝑢
′(0)
max (𝑥) = max

𝑦
|𝑢′0 (𝑥, 𝑦) |, 𝑢

′(𝑖)
max (𝑥) = max

𝑦

√
2|𝑢′𝑖 (𝑥, 𝑦) |, 𝑖 = 1, . . . , 𝑀.

Then we specify the inlet amplitude 𝑢
′(1)
max (𝑥0) = 0.25% for the TS wave at 𝑅 = 400, for the streamwise coordinate

𝑅 =
√︁
𝑈∗
∞𝑥∗/ν∗∞. All other Fourier components initially have zero-amplitude and are generated through nonlinear

interactions with the TS wave. The grid extends over the domain 𝑅 ∈ [400, 1000] and 𝑦 ∈ [0, 75] with 4000 stations
evenly spaced in 𝑥 and 150 grid points in 𝑦, with the majority of the grid points clustered towards the wall, while the
Fourier series is truncated at 𝑀 = 5 temporal modes (increasing 𝑀 further does not modify significantly the results).
The equations are marched using the two-step BDF scheme (BDF2).

In figure 1 we plot the maximum amplitude of the 𝑢-velocity perturbation as a function of the streamwise coordinate.
We plot the DNS data from [20], and the nonlinear OWNS data from the present study. In figures 2 and 3 we plot the 𝑢-
and 𝑣-velocity profiles for the MFD and the TS wave. We compare the nonlinear OWNS profiles from the present study
to the NPSE and DNS profiles computed in [20]. We see that the OWNS profiles agree with the NPSE profiles, which
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Fig. 1 Amplitude of 𝑢′ v.s. streamwise coordinate, 𝑅, for a TS waves at frequency 𝐹 = 86 × 10−6 with initial
amplitude of 𝑢′(1)max (𝑥0) = 0.25%.

differ slightly from the DNS profiles because the far-field boundary conditions are implemented differently for DNS.
Our nonlinear OWNS solver uses a characteristic boundary condition for 𝑣′0, while the NPSE solver used in [20] uses a
Neumann boundary condition, and the two approaches yield similar results despite the different implementations of the
boundary conditions.

B. 3D oblique-wave breakdown
We consider the oblique-wave breakdown case studied by [20], where the march is initialized with four oblique

waves (1, 1), (1,−1), (−1, 1) and (−1,−1), which are obtained from LST. The march starts at 𝑅 = 523 with amplitude
𝑢
′(1,1)
max (𝑥0) =

√
2 × 10−3 for all four waves, where we have defined the amplitudes

𝑢
′(0,0)
max (𝑥) = max

𝑦
|𝑢′0,0 (𝑥, 𝑦) |,

𝑢
′(𝑚,0)
max (𝑥) = max

𝑦

√
2|𝑢′𝑚,0 (𝑥, 𝑦) |, 𝑚 = 1, . . . , 𝑀,

𝑢
′(0,𝑛)
max (𝑥) = max

𝑦

√
2|𝑢′0,𝑛 (𝑥, 𝑦) |, 𝑛 = 1, . . . , 𝑁,

𝑢
′(𝑚,𝑛)
max (𝑥) = max

𝑦
2
√

2|𝑢′𝑚,𝑛 (𝑥, 𝑦) |, 𝑚 = 1, . . . , 𝑀, 𝑛 = 1, . . . , 𝑁,

to be consistent with the scaling used in [20]. Here, (𝑚, 𝑛) denotes the mode with temporal frequency 𝑚𝜔 and spanwise
wavenumber 𝑛𝛽. The oblique waves interact to excite higher modes and to distort the mean flow. The grid extends over
the domain 𝑅 ∈ [523, 780] and 𝑦 ∈ [0, 75] with 2000 stations evenly spaced in 𝑥 and 150 grid points in 𝑦, with the
majority of the grid points clustered towards the wall, while the Fourier series is truncated at 𝑀 = 3 temporal modes
and 𝑁 = 4 spanwise modes. For the chosen amplitude, increasing the number of Fourier modes does not change the
results significantly. As in the 2D test case, we march the equations using the BDF2 scheme.

We consider the frequency 𝐹 = 86 × 10−6 and the spanwise wavenumber 𝑏 = 𝛽∗ν∗∞/𝑈∗
∞ × 103 = 2/9 and we plot

the amplitudes of the 𝑢-velocity as a function of streamwise station in figure 4. We see that we have excellent agreement
between the amplitudes predicted by the nonlinear OWNS calculation, and those reported for the DNS calculation. We
also plot in figure 5 the 𝑢-velocity profiles predicted by NOWNS and DNS at 𝑅 = 685 for the MFD (figure 5a), the
oblique mode (figure 5b), the vortex mode (figure 5c), and the first harmonic of the oblique mode in 𝑧 (figure 5d). We
see that we have excellent agreement for between the DNS and NOWNS results for all for modes, which provides further
evidence that the nonlinear OWNS approach is implemented correctly.
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Fig. 2 𝑢-velocity profiles at streamwise coordinate 𝑅 = 883 for 2D evolution of TS wave.
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Fig. 3 𝑣-velocity profiles at streamwise coordinate 𝑅 = 883 for 2D evolution of TS wave.
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Fig. 4 Amplitude of 𝑢′ v.s. streamwise coordinate, 𝑅, for oblique-wave breakdown at frequency 𝐹 = 86 × 10−6,
spanwise wavenumber 𝑏 = 2/9, with initial amplitude of 𝑢′(1,1)max (𝑥0) =

√
2 × 10−3.

IV. Conclusion
We have extended the OWNS approach, a fast marching procedure previously developed for solving linear flow

disturbance equations, to support nonlinear interactions. We have demonstrated that it is effective for 2D and 3D
disturbances in a wall-bounded flow by comparing against previous DNS and nonlinear PSE results.

While the present study only reproduces results for which nonlinear PSE is already effective (with a lower
computational cost than nonlinear OWNS), we expect that the nonlinear OWNS approach will permit us to push these
calculations further downstream into the transitional regime. The reasons for this optimism are twofold: firstly, OWNS
accurately tracks all downstream-propagating disturbances in the flow, not just those at the dominant wavelength, and,
secondly, the OWNS approach permits arbitrarily small step sizes. In nonlinear PSE, it is observed that it is not possible
to converge the equations past a certain level of nonlinearity because the smaller step size required to converge the
nonlinear terms violates the minimum step size required for the parabolization to be stable. In the absence of this
restriction, the expectation is that OWNS will still provide accurate solutions provided a sufficiently large number of
frequencies and spanwise wavenumbers are retained in the calculations. Demonstrating this superiority is the focus of
our future work.

Appendices

A. Linearized Navier-Stokes Operators
Here we present the operators for the Navier-Stokes equations. The operators for the first derivatives, 𝐴, 𝐵𝑦 , and 𝐵𝑧 ,

are given by

𝐴(𝒒) =



𝑢 −ν 0 0 0
0 𝑢 0 0 0
0 0 𝑢 0 0
0 0 0 𝑢 0
0 𝛾𝑝 0 0 𝑢


, 𝐵𝑦 (𝒒) =



𝑣 0 −ν 0 0
0 𝑣 0 0 0
0 0 𝑣 0 0
0 0 0 𝑣 0
0 0 𝛾𝑝 0 𝑣


, 𝐵𝑧 (𝒒) =



𝑤 0 0 −ν 0
0 𝑤 0 0 0
0 0 𝑤 0 0
0 0 0 𝑤 0
0 0 0 𝛾𝑝 𝑤


,
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Fig. 5 𝑢-velocity profiles at streamwise coordinate 𝑅 = 685 for oblique-wave breakdown.
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while the operator for the second derivative, 𝐵2, is given by

𝐵2 (𝒒) =



0 0 0 0 0
0 − ν

𝑅𝑒
0 0 0

0 0 − ν
𝑅𝑒

0 0
0 0 0 − ν

𝑅𝑒
0

− 𝛾𝑝

𝑅𝑒𝑃𝑟
0 0 0 − 𝛾ν

𝑅𝑒𝑃𝑟


.

Finally, the operator 𝐶 that we get using the Reynolds decomposition is given by

𝐶 (𝒒) =



−∇ · 𝒖 𝜕ν
𝜕𝑥

𝜕ν
𝜕𝑦

𝜕ν
𝜕𝑧

0
𝜕𝑝

𝜕𝑥
− 1

𝑅𝑒
∇2𝑢 𝜕𝑢

𝜕𝑥
𝜕𝑢
𝜕𝑦

𝜕𝑢
𝜕𝑧

0
𝜕𝑝

𝜕𝑦
− 1

𝑅𝑒
∇2𝑣 𝜕𝑣

𝜕𝑥
𝜕𝑣
𝜕𝑦

𝜕𝑣
𝜕𝑧

0
𝜕𝑝

𝜕𝑧
− 1

𝑅𝑒
∇2𝑤 𝜕𝑤

𝜕𝑥
𝜕𝑤
𝜕𝑦

𝜕𝑤
𝜕𝑧

0
− 𝛾

𝑅𝑒𝑃𝑟
∇2𝑝

𝜕𝑝

𝜕𝑥

𝜕𝑝

𝜕𝑦

𝜕𝑝

𝜕𝑧
𝛾∇ · 𝒖 − 𝛾

𝑅𝑒𝑃𝑟
∇2ν


.

B. Recursion parameter sets
The recursion parameters are chosen based on the eigenvalues of the Euler equations linearized about a uniform

flow, as described in [14]. The eigenvalues are

𝑖𝛼𝑐 =
𝑖𝑘

𝑀̄𝑥

, 𝑖𝛼𝑎1 (𝑧) = 𝑖𝑘
−𝑀̄𝑥 + 𝜇(𝑧)

1 − 𝑀̄2
𝑥

, 𝑖𝛼𝑎2 (𝑧) = 𝑖𝑘
−𝑀̄𝑥 − 𝜇(𝑧)

1 − 𝑀̄2
𝑥

,

where 𝑀̄𝑥 = 𝑢̄/𝑐 is the local streamwise Mach number, 𝑘 = 𝜔/𝑐 is the streamwise wave number, 𝑧 is a composite
wave-number (for the transverse directions), and the function 𝜇(𝑧) is given by

𝜇(𝑧) =
√︃

1 − (1 − 𝑀̄2
𝑥)𝑧2.

For subsonic boundary layer flows, we use the same recursion parameters as in [10], which differ slightly from those
developed originally in [14], so we will briefly explain the new choice of recursion parameters.

The present choice of recursion parameters are separated into the following groups: (i) vortical modes, which
replace convective modes, (ii) fast and slow stream evanescent acoustic modes, and (iii) fast and slow stream propagating
acoustic modes, where fast stream modes are associated with the free-stream streamwise Mach number, while slow
stream modes are associated with a small Mach number (inside the boundary layer). The recursion parameters for the
vortical modes of the present study match closely the parameters for convective modes in [14], while the recursion
parameters for the propagating acoustic modes are distributed the same way in both the present study and in [14]. The
parameters for the evanescent acoustic modes are distributed in a slightly different way, so we focus our discussion on
these parameters.

To distribute the parameters for the evanescent acoustic modes, we define

𝜂𝑐 =
𝑘

1 − 𝑀̄𝑥

, 𝜂𝑚 = 1.5
𝐿𝑦

Δ𝑦
,

where 𝐿𝑦 is the (dimensionless) extent of the domain in the wall-normal direction, while Δ𝑦 is the (uniform) wall-normal
grid-spacing. These define the spacing parameter

𝜂 (ℎ) = 𝜂𝑚 + ℎ

𝑁𝑒 − 1

(
𝜂𝑐 + 0.1

𝜂𝑚 − 𝜂𝑐

𝑁𝑒 − 1
− 𝜂𝑚

)
, ℎ = 0, . . . , 𝑁𝑒 − 1,

which in turn defines
𝜇 (ℎ) = 𝜇(𝜂 (ℎ) ), ℎ = 0, . . . , 𝑁𝑒 − 1.

This contrasts with the choice
𝜇 (ℎ) = 𝜇max

ℎ

2𝑁𝑒

, ℎ = 0, . . . , 2𝑁𝑒 − 1,
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used in [14], where 𝜇max = 𝜇(𝑧max). Here, 𝑧max represents the maximum transverse wave number supported by the
semi-discrete Euler equations (wave numbers larger than 𝑧max need not be considered because they are not supported by
the semi-discrete equations). The present approach considers a range of 𝑧 near 𝑧max (distributed according to 𝜂 (ℎ) )
which is then used to define 𝜇 (ℎ) , while the approach presented in [14] considers only one 𝑧 to get 𝜇max, which is then
used to define 𝜇 (ℎ) spaced linearly over [0, 𝜇max]. The present approach is advantageous because 𝜇(𝑧) is nonlinear in 𝑧.

The recursion parameter sets for a subsonic boundary layer flow are summarized in table 1. The fast-stream values
are denoted 𝑘1 and 𝑀̄𝑥,1, while the slow-stream values are denoted 𝑘2 and 𝑀̄𝑥,2. The acoustic modes must be computed
for both the fast- and slow-stream values.

Type Spacing 𝛽
( 𝑗 )
+ 𝛽 ( 𝑗 )

−
Vortical 𝑏 (ℎ) = 𝑘1

𝑀̄𝑥,1
+ ℎ

𝑁𝜔

( 𝑘2
𝑀̄𝑥,2

− 𝑘1
𝑀̄𝑥,1

)
(1 + 𝑖)𝑏 ( 𝑗 ) −2𝑘2𝑀2

1−𝑀2
2

− 𝑏 ( 𝑗 )

ℎ = 0, . . . , 𝑁𝜔 − 1
Evanescent acoustic 𝜇 (ℎ) =

√︁
𝑘2 − (1 − 𝑀̄2

𝑥) (𝜂 (ℎ) )2 −𝑀̄𝑥 𝑘+𝜇 ( 𝑗)

1−𝑀̄2
𝑥

−𝑀̄𝑥 𝑘−𝜇 ( 𝑗)

1−𝑀̄2
𝑥

ℎ = 0, . . . , 𝑁𝑒 − 1
Propagating acoustic 𝜃 (ℎ) = ℎ

𝑁𝑝
𝜋/2 𝑘

−𝑀̄𝑥+cos 𝜃 (2 𝑗)

1−𝑀̄2
𝑥

𝑘
−𝑀̄𝑥−cos 𝜃 (2 𝑗+1)

1−𝑀̄2
𝑥

ℎ = 0, . . . , 2𝑁𝑝 − 1

Table 1 Recursion parameter sets for subsonic boundary layer flows.
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