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2020

This thesis presents a goal-oriented projection-based model reduction framework for pa-

rameterized time-dependent nonlinear PDEs. The framework builds on the following in-

gredients: reduced basis spaces, which provide rapidly convergent approximations of the

parameterized time-dependent solutions; the empirical quadrature procedure, which pro-

vides hyperreduction of nonlinear PDEs; and the dual weighted residual (DWR) method,

which provides a posteriori error estimates for quantities of interest. In the offline stage,

the method constructs reduced models that meet the user-prescribed output error tol-

erance using an automated and efficient training procedure. The online stage is rapid

and reliable, meaning that the method provides rapid approximation of time-dependent

outputs coupled with online-efficient error estimates that make the method reliable by

indicating how much error is committed by the reduced model. We demonstrate the

framework for an unsteady nonlinear reaction-diffusion equation and an unsteady lid-

driven cavity flow.
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Nomenclature

u primal field variable

u algebraic primal variable

z dual field variable

z algebraic dual variable

ψ tangent field variable

ψ algebraic tangent variable

µ parameter

t time

Ω spatial domain

D parameter domain

I time domain

ΞNtrain
a set of Ntrain training parameters

V infinite-dimensional Sobolev space

Vh Nh-dimensional finite element space

Vpr
N Npr-dimensional and V-orthonormal primal reduced basis space

Vdu
N Ndu-dimensional and V-orthonormal dual reduced basis space

(·)pr quantity associated with the primal space

(·)du quantity associated with the dual space

(̃·) the EQP approximation of (·)

{ρi}M
h

i=1 a set of Mh quadrature weights

δ EQP error tolerance

s(µ) output (quantity of interest)

η(µ) DWR error estimate (to estimate output error)
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Chapter 1

Introduction

1.1 Motivation

Computational Fluid Dynamics (CFD) is commonly used in both academic and industrial
settings to simulate fluid flows. CFD simulations of unsteady aerodynamic flows have a
wide range of practical applications, including real-time control of unsteady aerodynamic
flows [2, 28] and digital flight-envelope characterization, where high-fidelity simulations
are performed to characterize the capabilities of aircraft (i.e. their flight envelope) [32].
These simulations are important to engineering design because they can be used to supple-
ment physical experiments to decrease both design time and cost [41]. Performing a CFD
simulation involves solving a system of nonlinear partial differential equations (PDEs),
known as the Navier-Stokes (NS) equations. Unfortunately, solving the NS equations
is computationally expensive since they are nonlinear and have a wide range of spatial
and temporal scales. Therefore, high-fidelity CFD simulations cannot be performed as
frequently as desired due to their high computational costs [41].

This motivates the search for model reduction methods that can be used to reduce the
computational complexity of these simulations while carefully controlling the approxima-
tion error. Model reduction employs offline-online decomposition, where expensive pre-
processing is performed once in the offline stage to create a reduced-order model (ROM)
to be evaluated for many new parameter values in the online stage at a substantially
reduced computational cost [36, 39]. In model reduction, users accept a high training
cost to create the ROM in the offline stage so that the marginal cost of performing new
simulations is dramatically decreased in the online stage [36, 39, 7, 27].

1



Chapter 1. Introduction 2

1.2 Background

Systematic and mature projection-based model reduction methods exist for solving linear
problems. These methods allow users to rapidly evaluate the ROM for new parameter
values, while in many cases also providing rigorous and sharp upper error bounds. These
error bounds indicate how much error the ROM commits when evaluated for new param-
eter values, ensuring that the ROM is reliable. The error bounds also allow users to train
ROMs efficiently using greedy algorithms [39, 43]. We note that these methods have been
applied to time-dependent problem. In particular, rigorous and sharp error bounds have
been developed for time-dependent parabolic equations in [25], but these error bounds
do not apply to hyperbolic problems or problems with general nonlinearities. Moreover,
these methods are not rapid for problems with general nonlinearities [39].

With the above in mind, we introduce hyperreduction methods, which are model
reduction methods developed for systems of nonlinear equations, such as the NS equa-
tions. Hyperreduction for time-dependent nonlinear PDEs is an active research area and
several promising methods exist, including the Empirical Interpolation Method (EIM)
[5], the Gauss-Newton with Approximated Tensors (GNAT) method [13, 14], and the
Energy-Conserving Sampling and Weighting (ECSW) method [18, 19]. EIM has been
demonstrated for time-dependent parametrized PDEs with general nonlinearities. More-
over, EIM has been applied to time-dependent parabolic problems and used in conjunc-
tion with error bounds [22]. However, these error bounds do not apply to problems
with general nonlinearities. The GNAT method is specifically designed to solve time-
dependent nonlinear PDEs, while the ECSW method can be applied to both steady and
time-dependent problems. Neither the GNAT method nor the ECSW method have been
demonstrated for time-dependent parametrized problems. Moreover, they have not been
demonstrated in conjunction with error bounds.

It is critical that engineers be able to control and quantify the uncertainty in their
numerical simulations. Therefore we will develop a hyperreduction method, coupled
with error estimates (as opposed to upper error bounds), to be applied to time-dependent
nonlinear parametrized PDEs. In many cases, engineers are most interested in estimating
the value of a state-dependent scalar output (e.g., lift or drag) for a given input parameter
(e.g., angle of attack or Mach number). If an engineer wishes to estimate the value of
an output, they need not directly control the global solution error and can instead aim
to directly control the output error. This motivates the goal-oriented context. In the
goal-oriented context we seek to estimate the value of our output for a given parameter.
Moreover, we seek to control and estimate the error in our output.



Chapter 1. Introduction 3

The hyperreduction methods listed above cannot directly quantify or control the error
introduced by their respective hyperreduction approximations. The empirical quadrature
procedure (EQP) is a more recent development that can directly control the hyperreduc-
tion error [49]. There also exists a goal-oriented version of the EQP framework that
seeks to control and estimate the output error for steady nonlinear PDEs [48]. The pri-
mary goal of this project is to extend the goal-oriented EQP framework so that it can be
applied to time-dependent PDEs.

Our goal is to train a ROM such that we can estimate an output and its associated
error for any parameter value, even those for which the ROM was not trained. We use
a physics-based approach whereby we numerically solve our PDE using the ROM to get
an approximation to the field variable. Then we use the field variable to evaluate our
output. We could alternatively explore black box methods (i.e., not physics-informed)
to directly interpolate the output without solving for the field variable, but it is more
challenging (if not impossible) to develop error estimates for an interpolated output. The
goal-oriented context is advantageous because not all features of the field variable need
to be well-resolved to accurately predict the output, leading to a reduced computational
cost in many cases [39].

1.3 Objectives

The goal of this thesis is to develop a model reduction method for time-dependent non-
linear parametrized PDEs. We will develop this method in the context of finite element
methods, which we will refer to as our full-order model. We wish for the model reduction
method to be rapid, reliable, efficient, and automated. By this we mean,

• rapid: the computational cost to evaluate the ROM for any parameter value in
the online stage is orders of magnitude lower than evaluating the full-order model.

• reliable: users have quantitative control of the output error coupled with an effi-
cient and effective a posteriori error estimate in the online stage, while the training
algorithm in the offline stage provides quantitative control of the output error aris-
ing from the finite element approximation, the reduced basis approximation, and
hyperreduction.

• efficient: the adaptive training algorithm minimizes the offline training cost by
carefully selecting which parameters values are evaluated using the full-order model.
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• automated: training procedure is robust (i.e., it can be applied to a wide range of
PDEs) and training requires minimal user intervention (i.e., relatively few tuning
parameters so that users only need to adjust error tolerances).

1.4 Thesis Outline

The goal of this work is to develop a model reduction method for time-dependent non-
linear parametrized PDEs. In chapter 2 we introduce a model problem and then explain
the relevant background information in terms of the model problem. We review finite
element methods, time-marching methods, existing model reduction methods, and a
posteriori error estimation techniques. In chapter 3 we review the existing empirical
quadrature procedure, including the goal-oriented framework for steady problems. Then
in chapter 4 we extend the theory for the goal-oriented empirical quadrature procedure so
that it applies to time-dependent problems. In chapter 5 we present more details on how
to implement our fully-adaptive training algorithm for time-dependent problems, then
in chapter 6 we present numerical results to demonstrate our model reduction method
for a nonlinear reaction-diffusion equation and a lid-driven cavity flow (incompressible
Navier-Stokes). We will also assess (i) the offline training cost, (ii) the online cost, and
(iii) the accuracy of the online model. Finally we conclude the thesis in chapter 7 with
a summary of the main findings of this thesis and recommendations for future work.



Chapter 2

Background

Here we present the background required to understand this work. First we will explain
how to discretize a general time-dependent PDE in space and time. Then we will outline
existing model reduction methods and explain why we have developed a new method.
We will also include a discussion of a posteriori error estimation methods that we will
use to develop our new method.

2.1 Model Problem

Here we will describe how to discretize the time-dependent nonlinear reaction-diffusion
equation presented in [23]. We note that we discretize this PDE in both space and time
and that we can use similar techniques to discretize a general PDE in space and time.
We state the problem: given any µ ∈ D, find u(µ) : Ω× I → R such that

∂u(µ)

∂t
−∇2u(µ) + g(u(µ);µ) = f on Ω× I,

u(µ) = 0 on ∂Ω× I,

u(µ) = 0 on ∂Ω× {t = 0},

(2.1)

where Ω ≡ (0, 1)2 ⊂ R2 is the unit square spatial domain with the boundary ∂Ω, I ≡
(0, 2] is the time interval, and D ≡ [0.01, 10]2 ⊂ R2 is the parameter domain. The
parameter tuple µ has two scalar entries where µ = (µ(1), µ(2)). Throughout this work,
u(µ) : Ω × I → R denotes a space-time function, and we use u(µ, t) : Ω → R to denote
the space-only function that results from the evaluation of u(µ) at time t. We further
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note that the nonlinear reaction functional is defined as

g(u(µ);µ) = µ(1)
eµ(2)u(µ) − 1

µ(2)

, (2.2)

while the time-dependent forcing function is defined as

f((x(1), x(2)), t) = 100 sin(2πt) sin(2πx(1)) cos(2πx(2)). (2.3)

There is no steady-state because our forcing function is sinusoidal in time. We compute
the output

s(µ) =

∫
I

q(u(µ, t);µ, t)dt+ qT (u(µ, T );µ, T ). (2.4)

where

q(u(µ, t);µ, t) ≡
∫

Ω

u(µ, t)dx ∀t ∈ I,

qT (u(µ, T );µ, T ) ≡
∫

Ω

u(µ, T )dx,

and we recall that u(µ, t) : Ω → R denotes the space-time function u(µ) : Ω × I → R
evaluated at time t.

2.2 Finite Element Approximation

We refer to equation (2.1) as the strong form of our PDE. We use the weighted residual
method to convert our PDE to the more general variational (weak) form, which is more
amenable to finite element and reduced basis approximations. We multiply the PDE by
a test function v and then integrate over the spatial domain. We restrict v so that it
lies in the space V ≡ H1

0 (Ω) ⊂ H1(Ω), where H1(Ω) is a Sobolev space of functions that
are square integrable and whose weak first derivative is also square integrable, while the
space V ≡ H1

0 (Ω) is a subset of H1(Ω) whose functions vanish on the boundary. Next we
define the residual form r : V × V ×D × I → V and the bilinear form m : V × V → V

r(w, v;µ, t) ≡
∫

Ω

∇v · ∇wdx+

∫
Ω

vg(w;µ)dx−
∫

Ω

vf(t)dx ∀w, v ∈ V , (2.5)

m(w, v) ≡
∫

Ω

vwdx ∀w, v ∈ V , (2.6)
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where f(t) : Ω → R is the source function. Then we define the continuous-in-time
unsteady residual r̄ : V × V ×D × I → V

r̄(w, v;µ, t) ≡ m(∂tw, v) + r(w, v;µ, t) ∀w, v ∈ V . (2.7)

We state the weak problem: given µ ∈ D, find u(µ) ∈ C0(I;V) such that

r̄(u(µ), v;µ, t) = 0 ∀v ∈ V , ∀t ∈ I.

We note that (2.7) is the general weak form of unsteady PDEs and consists of (i) an
unsteady mass term, and (ii) the weak form of the source and flux terms.

The space V is infinite-dimensional, so our current variational form is computationally
intractable. Therefore we seek a finite-dimensional “truth” space Vh ⊂ V of dimension Nh
that approximates V and is amenable to computation. To this end, we triangulate the
domain Ω ≡ (0, 1)2 into ne non-overlapping elements such that we have the triangulation
Th ≡ {Ji}nei=1. We can now introduce the “truth” space Vh, which is a space of piecewise
p-degree polynomials Vh ≡ {v ∈ V | v|Ji ∈ Pp(Ji), i = 1, 2, . . . , ne}. For our nonlinear
reaction-diffusion equation, we choose to use third-degree polynomials (p = 3). We
also introduce the “truth” quadrature rule {ξhκ , ρhκ}M

h

κ=1, along with the residual form rh :

Vh × Vh ×D × I → Vh and the mass form mh : Vh × Vh → Vh

rh(w, v;µ, t) ≡
Mh∑
κ=1

ρhκrκ(w, v;µ, t), (2.8)

mh(w, v) ≡
Mh∑
κ=1

ρhκmκ(w, v), (2.9)

where ρhκ is the quadrature weight associated with quadrature point κ, while rκ(·, ·; ·, ·)
and mκ(·, ·) are the functions evaluated at quadrature point κ such that

rκ(w, v;µ, t) ≡ ∇v(ξhκ , t) · ∇w(ξhκ , t) + v(ξhκ , t)g(w(ξhκ , t);µ)− v(ξhκ , t)f(ξhκ , t), (2.10)

mκ(w, v) ≡ v(ξhκ , t)w(ξhκ , t). (2.11)

We note that rh(w, v;µ, t) ≈ r(w, v;µ, t) and mh(w, v) ≈ m(w, v).

We discretize our PDE in time using the either the backward-Euler or Crank-Nicolson
time-marching method. Here we use the backward Euler method (∂uh,k

∂t
≈ uh,k−uh,k−1

∆t
)

with the uniform time step ∆t = (T − t0)/K = 2/K and the associated discrete times
tk = k∆t, 0 ≤ k ≤ K. We distinguish between the semi-discrete solution uh,k(µ) and the



Chapter 2. Background 8

continuous solution uh(µ, tk) by writing uh,k(µ) ≈ uh(µ, tk). We state our fully-discrete
problem: given µ ∈ D, find uh,k(µ) ∈ Vh, k = 1, 2, . . . , K such that uh,k=0(µ) = 0 and

mh(uh,k(µ)− uh,k−1(µ), v) + (tk − tk−1)(rh(uh,k(µ), v;µ, tk)) = 0 ∀v ∈ Vh. (2.12)

Following the conventions of the RB community, we refer to the FE solutions as the
“truth” solutions because they represent our best approximation to the true solutions
and because they lie in the “truth” space.

To evaluate the output, we solve for the field variable at time steps k = 1, 2, . . . , K and
use linear-interpolation combined with a two-point Gauss quadrature rule to numerically
integrate the output in time. The Crank-Nicolson method is second-order accurate in
time, while linear interpolation is second-order accurate and the two-point Gauss quadra-
ture rule is fourth-order accurate. Therefore the linear-interpolation and the two-point
Gauss quadrature rule do not introduce additional error in time.

2.2.1 Algebraic Form

We have introduced the variational form of the FE problem. However, we will employ
the algebraic form of the FE problem during our discussion of some of the hyperreduction
methods. Therefore we will now introduce the algebraic form. We have a basis {φi}Nhi=1 for
Vh, and given the the function w ∈ Vh, we introduce the generalized coordinate w ∈ RNh

where

w(x) ≡
Nh∑
i=1

wiφi(x). (2.13)

Similarly we can introduce the algebraic form of the residual form rh : RNh×D×I → RNh

rh(w;µ, t)i ≡ rh(w, φi;µ, t), i = 1, 2, . . . ,Nh, (2.14)

and the mass matrix Mh ∈ RNh×Nh

(Mh)ij ≡ mh(φj, φi), i, j = 1, 2, . . . ,Nh. (2.15)

We introduce the discrete-in-time residual form R̄h : RNh × RNh ×D → RNh

R̄h(uh,k;uh,k−1;µ) ≡Mhuh,k −Mhuh,k−1 + (tk − tk−1)rh(uh,k;µ, tk), (2.16)
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for k = 1, 2, . . . , K where we have applied backward Euler time-marching. We state the
algebraic form of our problem: given µ ∈ D, find uh,k ∈ RNh , k = 1, 2, . . . , K such that

R̄h(uh,k;uh,k−1;µ) = 0 in RNh . (2.17)

We introduce the algebraic form of the Jacobian Jh : RNh ×D × I → RNh×Nh

Jh(w;µ, t)ij ≡
∂rh,i
∂wj

(w;µ, t), i, j = 1, 2, . . . ,Nh,

and the discrete-in-time Jacobian J̄h : RNh ×D × I → RNh×Nh

J̄h(w;µ, t) ≡Mh + Jh(w;µ, t).

We note that the Jacobian does not depend on uh,k−1 because we do not take derivatives
about uh,k−1, so all of the terms associated with uh,k−1 disappear.

2.2.2 Nonlinear Solver

We consider the the algebraic form of our model problem (2.17) at time-step k. We have
a system of Nh equations with Nh unknowns (degrees of freedom). We will use Newton’s
method

uk,n+1 − uk,n = −J̄−1
h (uk,n;µ, tk)R̄h(uk,n,;µ, tk). (2.18)

to iterate until the Vh-norm of our residual converges to a sufficiently small value relative
to the norm of the residual for the initial guess. The cost of each iteration of Newton’s
method depends on Nh, which can be quite costly for large Nh and motivates our search
for model reduction methods.

2.3 Model Reduction

Solving PDEs in a high-dimensional “truth” space is computationally expensive since the
computational cost depends on the dimension of the “truth” space Nh ≡ dim(Vh). This
motivates our search for model-reduction methods. We introduce the parametric manifold
M = {u(µ, t)}µ∈D,t∈I and assume that this manifold is amenable to approximation by
a low-dimensional linear space (a reduced space). We can project our problem onto this
reduced space and solve it at a reduced cost. ROMs will ideally produce nearly the
same input-output response as the high-dimensional “truth” approximation and we can
estimate the error in our output using a posteriori error estimators. Model reduction
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relies on offline-online decomposition, where expensive pre-processing is performed once
in the offline stage to create a ROM that can be evaluated rapidly and reliably for new
parameter values in the online stage [36, 39].

The key ingredients for a ROM are (i) a reduced basis (RB) space, (ii) a projection
method, (iii) an efficient offline-online decomposition, (iv) hyperreduction (for nonlinear
PDEs), and (v) an a posteriori error estimator. Model reduction methods do not replace
FE methods. Instead, FE methods are used to train ROMs to enable faster and more
efficient simulations. Moreover, the accuracy of a ROM is measured with respect to FE
solutions (i.e., the “truth” solutions).

2.3.1 Reduced Basis Spaces

In many cases, the parametrically induced manifold M ≡ u(µ, t)µ∈D,t∈I is smooth and
can be approximated using a low-dimensional linear space. The parametrically induced
manifold represents the set of fields engendered as the input parameter and time vary
over the parameter and time domain, respectively. The goal of reduced basis (RB) ap-
proximation is to construct a low-dimensional approximation space where solutions to the
PDE can be approximated reasonably well. The manifoldM is key to projection-based
model reduction because if we can approximate our solutions using a low-dimensional
RB space, it implies that the generic approximation spaces used by FE methods are
unnecessarily rich [39].

We will consider constructing our RB spaces using two different approaches: (i) proper
orthogonal decomposition (POD), and (ii) greedy sampling. Both of these approaches
seek to minimize the difference between each snapshot and a linear combination of the
RB space. We define the reduced basis ζn, 1 ≤ n ≤ N , which spans the reduced basis
space VN ≡ span{ζn, 1 ≤ n ≤ N}. The reduced basis will always be hierarchical and
orthogonal so that V1 ⊂ V2 ⊂ · · · ⊂ VN−1 ⊂ VN . The hierarchical condition of RB spaces
is important to ensuring memory efficiency, while the orthogonality condition ensures
that the reduced basis does not become colinear.

In the POD approach we collect solution “snapshots” from the FE solver and solve
an optimization problem to compress these snapshots into an RB space. We introduce
a set of Ntrain training parameters ΞNtrain

≡ {µn ∈ D}Ntrain
n=1 and then we collect solution

snapshots
WNtrain

= span{uh,k(µn), 1 ≤ n ≤ Ntrain, 1 ≤ k ≤ K},

by solving the time-dependent FE problem for each parameter in ΞNtrain
. This gives

Nsample = Ntrain × K solution snapshots. POD is an optimization problem that can
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be reduced to the solution of an Nsample × Nsample correlation-matrix eigenproblem or a
singular value decomposition of WNtrain

. Optimal POD spaces are given by

VPOD
N = arg inf

spaces VN ⊂
span{WNtrain

}

 ∑
µ∈ΞNtrain
k=1,2,...,K

inf
wN∈VN

‖uh,k(µ)− wN‖2
V

 , (2.19)

where N ≡ dim(VN).

POD is expensive for large Ntrain because performing the necessary FE solves en-
tails a high computational cost. We can decrease the cost of POD by using a smaller
ΞNtrain

but we may construct a poor approximation space if Ntrain is too small [39]. We
can alternatively consider a greedy procedure to select ΞNtrain

so that we construct VN
such that it spans the parameter and time spaces using a smaller Ntrain. The greedy
procedure chooses parameters according to a posteriori error estimators to assess how
well a snapshot is approximated by the existing RB space [39, 43]. Greedy algorithms
have been coupled with POD in previous work on model reduction for time-dependent
problems [22, 25]. In section 5.1 we describe a greedy algorithm (algorithm 1) to be used
with our newly developed hyperreduction framework.

2.3.2 Projection

After we construct the RB space VN , we can solve the weak form of our PDE using
Galerkin projection onto the RB space. We state the variational form of our RB problem:
given µ ∈ D find uN,k(µ) ∈ VN , k = 1, 2, . . . , K, such that uN,k=0(µ) = 0 and

mh(uN,k(µ)− uN,k−1(µ), v;µ, t) + (tk − tk−1)(rh(uN,k(µ), v;µ, t)) = 0 ∀v ∈ VN ,

which we notice is identical to the “truth” problem (2.12), but projected onto the RB
space. We can also introduce the algebraic form of the RB problem. We introduce the
operator VN : RN → VN , which associates a generalized coordinate w ∈ RN to a function
w as

w = VNw =
N∑
i=1

wiζi. (2.20)

We introduce the algebraic residual rN : RN ×D × I → RN

rN,i(w;µ, t) ≡ rh(VNw, ζi;µ, t), i = 1, 2, . . . , N, (2.21)
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and the mass matrix MN ∈ RN×N

(MN)ij ≡ mh(ζj, ζi), i, j = 1, 2, . . . , N. (2.22)

We introduce the discrete-in-time RB residual R̄N : RN × RN ×D → RN

R̄N(uN,k;uN,k−1;µ) ≡MNuN,k −MNuN,k−1 + (tk − tk−1)rN(uN,k;µ, tk) (2.23)

which we discretize in time using the backward Euler time-marching method for k =

1, 2, . . . , K. We state the algebraic form of our problem: given µ ∈ D, find uN,k ∈ RN ,
k = 1, 2, . . . , K such that

R̄N,k(uN,k;uN,k−1;µ) = 0 in RN . (2.24)

We need the Jacobian so that we can use Newton’s method. We introduce the alge-
braic form of the RB Jacobian JN : RN ×D × I → RN×N

JN(w;µ, t)ij ≡
∂rN,i
∂wj

(w;µ, t), i, j = 1, 2, . . . , N (2.25)

and the discrete-in-time Jacobian J̄N : RN ×D × I → RN×N

J̄N(w;µ, tk) ≡MN + JN(w;µ, t). (2.26)

Again we note that the Jacobian does not depend on uN,k−1 because we do not take
derivatives about uN,k−1, so all of the terms associated with uN,k−1 disappear.

The computational cost of solving the PDE in the low-dimensional RB space still de-
pends onNh because we must appeal to FE spaces each time we wish to evaluate our resid-
ual and Jacobian. However, the cost of the operation J̄N(uN,k;µ)−1R̄N(uN,k;uN,k−1;µ)

has been reduced since we fewer matrix operations to perform. If we construct our RB
space using POD, then this method is known as the POD-Galerkin method [39].

We will use the POD-Galerkin method, which we may also combine with greedy
sampling (i.e., POD-in-time and greedy-in-parameters), throughout most of this work.
However, we will also consider the minimum-residual method, which has been applied to
steady problems in [29, 30, 9] and to time-dependent problems in [13]. The minimum-
residual method is a popular alternative to the POD-Galerkin method that is used by
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the GNAT method [13]. It involves solving the non-linear least-squares problem

minimize
uN,k∈VN

‖R̄h(uN,k;uN,k−1;µ)‖2, (2.27)

which seeks solutions that minimize the norm of the residual in the l2-Euclidean norm.
We apply the Gauss-Newton method, which is equivalent to performing a Petrov-Galerkin
projection with the trial space VN and the test space J̄NVN . This method is also called the
Least-Squares Petrov-Galerkin (LSPG) projection method. LSPG projection minimizes
the norm of the FE residual at each time-step, so it can be said to be discrete-optimal.
The POD-Galerkin method and the LSPG method are compared in detail in [12] and
LSPG projection is shown using numerical experiments to have better time stability
properties for certain cases. Numerical experiments for a limited number of test cases have
shown that LSPG projection can generate stable and accurate solutions for certain large-
scale turbulent, compressible flow problems where Galerkin projection has failed [12].

We further note that although projection onto the RB spaces decreases the number
of equations and unknowns, we may still need to appeal to FE spaces to evaluate the
residual and the Jacobian, meaning that the cost of solving for the field variable still
depends on Nh. We wish to solve for the field variable with a cost that is independent
of Nh, and the following sections will discuss how this can be achieved.

2.3.3 Offline-Online Decomposition

The goal of model reduction is to construct a ROM in the offline stage that can be eval-
uated with a reduced complexity for new parameter values in the online stage. When
performed correctly, offline-online decomposition leads to dramatically reduced storage
costs and computation time in the online stage as compared to the “truth” approxi-
mation [36, 39]. The complexity of the offline stage depends on Nh while ideally the
complexity of the online stage is independent of Nh (i.e. decoupled). If (i) our residual
is affine in functions of the parameters µ ∈ D and the time t ∈ I, and (ii) the PDE is
linear in the state, then we can express our residual as

r(w, v;µ, t) =

Qr∑
q=1

θqr(µ, t)r
q(w, v) ∀w, v ∈ V , ∀µ ∈ D, ∀t ∈ I, (2.28)

where θqr(µ, t) are parameter and time dependent functions, while rq(w, v) are continuous
bilinear forms that are independent of the parameters and time. Each of the continuous
bilinear forms rq(w, v) can be evaluated in the offline stage so that the computational cost
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of the online stage depends only on N . The residuals of PDEs with general nonlinearities
do not admit an affine decomposition, which means that users must appeal to the “truth”
space each time they wish to evaluate their residual. This means that the POD-Galerkin
approach does not typically admit an efficient online-offline decomposition for PDEs with
general nonlinearities, which motivates our search for hyperreduction methods [7].

2.3.4 A Posteriori Error Estimation

Effective a posteriori error estimation is crucial to ensuring rapid, reliable, and automated
reduced models. Error estimates enable rapid ROMs by identifying the RB space of lowest
dimension N that achieves the requisite accuracy. Error estimates enable reliable ROMs
by allowing users to quantify the error in their simulations, which is critical in engineering
contexts [39]. Error estimates can be used to design greedy algorithms that permit
automated and adaptive offline training by indicating which parameters need to be solved
using FE methods and whether or not the ROM is currently accurate enough (i.e., do we
need more FE solves for certain parameters associated with a larger error estimate?) [43].
In section 6.1.6 we demonstrate how greedy algorithms permit much larger training sets
ΞNtrain

∈ D at a greatly reduced offline computational cost. In summary, a posteriori
error estimation not only allows users to estimate the error introduced by their ROM in
the online stage, but also to control the error introduced by their ROM, and to minimize
the computational cost of the offline stage.

Error estimates and error bounds should be rigorous so that they are valid for all N
and for all parameters in D. We also want to avoid error estimates and error bounds that
are overly conservative so that the computational cost in the online stage does not grow
too large to achieve the desired error tolerance (i.e., we seek sharp error estimates). The
effectivity of an error estimate indicates how close the error estimate is to the true value
of the error. Given an output error sN(µ) − sh(µ) and an output error estimate ηh(µ),
our effectivity is defined as eff(µ) ≡ |sN(µ) − sh(µ)|/|ηh(µ)|. An error estimate is more
effective if its effectivity is closer to unity.

We will now briefly discuss “classical” RB error estimates, which are defined relative to
the underlying FE approximation and require the residual to be a bilinear form. The RB
error estimates are chosen to be an upper bound whose effectivity is as close to unity as
possible. The error estimates also depend on the coercivity constant of the bilinear form
and the Cauchy-Schwarz inequality. We do not present the “classical” RB error estimate
here, and instead refer readers to [39]. These error bounds are sharp for coercive equations
and apply to all N and D. However, they do not apply to time-dependent PDEs with
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general nonlinearities.
Previous work has developed rigorous and sharp upper error bounds for time-dependent

parabolic problems, coupled with greedy training algorithms [25, 24, 22]. Previous work
on EIM has also demonstrated the effectiveness of greedy training algorithms for time-
dependent problems with general nonlinearities [22]. Space-time formulations that in-
clude a posteriori error bounds for parabolic problems were developed in [42] and demon-
strated for Burgers’ equation in [50]. The space-time formulation was also applied to the
Boussinesq equations (i.e., the Navier-Stokes equations with heat transfer) in [44].

Although error bounds have previously been developed in the context of RB approxi-
mation for time-dependent problems, these error bounds do not apply to time-dependent
problems with general nonlinearities. We will instead employ the dual-weighted residual
(DWR) method to estimate the output error [6]. The DWR error estimate is not an
error bound, but it has previously been used very effectively in the context of ROM for
(i) time-dependent problems [33], (ii) h-refinement [11], and (iii) statistically modelling
ROM output errors [31]. The major drawback of the the DWR method is that it does not
provide an upper error bound. However, the major advantages of the DWR method are
that it readily treats hyperbolic and convection-dominated PDEs with general nonlinear-
ity and parametric dependence, while also not requiring the user to compute a stability
constant [48]. We require error estimates to be online-efficient, so we will develop one
ROM to solve our PDE and a second ROM to evaluate our DWR error estimate.

2.3.5 Hyperreduction

We wish to develop a framework that will allow users to automatically train projection-
based ROMs with an efficient offline-online decomposition for time-dependent nonlinear
parametrized PDEs. We will use hyperreduction to decouple the cost of performing a sim-
ulation in the online stage from Nh. We will use hyperreduction to create approximations
to our nonlinear residuals such that they admit an efficient offline-online decomposition
where evaluation in the online stage is independent of Nh. We will consider an arbitrary
time-dependent nonlinear residual

r(w, v;µ, t) ≡
∫

Ω

vη(w;µ, t;x)dx, ∀w, v ∈ V , (2.29)

that consists of two parts: (i) an integral over the domain Ω, and (ii) a nonlinear func-
tion η : V × D × I × Ω. We note that we consider a residual without boundary inte-
gration to simplify the presentation, but that the methods we present can equally be
applied to residuals with boundary integration. To reduce the complexity of evaluat-
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ing (2.29), we can choose to introduce additional approximations for either the integral
or the nonlinear function. A popular approach is interpolation-then-integration, where
a function is evaluated approximately using a sparse interpolation system over an RB
space, while the integral is evaluated using the “truth” quadrature rules. Examples of
interpolation-then-integration methods include Gappy POD [17], the Empirical Interpo-
lation Method (EIM) [5], the Missing Point Estimation (MPE) method [4], Best Points
Interpolation Method (BPIM) [35], and the Gauss-Newton with Approximated Tensors
(GNAT) method [13, 14]. Alternatively we can employ direct integration, where we ap-
proximate the integral using a sparse quadrature rule while evaluating the nonlinear func-
tion exactly at the sparse set of quadrature points. Examples of direction integration
methods include the Hyperreduction Method [40], Optimal Cubature [3], the Energy-
Conserving Sampling and Weighting (ECSW) method [18, 19], Empirical Cubature [26],
and the Empirical Quadrature Procedure (EQP) [37]. This work extends the existing
EQP framework so that it applies to unsteady PDEs in the goal-oriented context. We will
briefly outline EIM, the GNAT, ECSW, and EQP before moving onto a more detailed
discussion of EQP in chapter 3.

2.3.6 Empirical Interpolation Method

The empirical interpolation method (EIM) is an interpolation-then-integration method,
while the discrete empirical interpolation method (DEIM) is a popular discrete ver-
sion of EIM [15]. In EIM, users construct a collateral RB expansion ηM(w, v;µ, t;x) ≈
η(w;µ, t;x)

ηM(w;µ, t;x) =
M∑
m=1

βm(µ)qm(x),

and an associated sparse interpolation system

M∑
j=1

BM
ij βj(µ) = η(w;µ, t; pi) 1 ≤ i ≤M,

where BM
ij = qj(pi), 1 ≤ i, j ≤ M . The online cost of a Newton iteration is independent

of Nh because we only need to evaluate our nonlinear function and its Jacobian at our
M interpolation points {pi}Mi=1. The word “collateral” is used to distinguish between
the RB expansion uN(µ, t) for u(µ, t) and the collateral RB expansion ηM(w;µ, t;x) for
η(w;µ, t;x). We perform two distinct tasks to train EIM in the offline stage. First we
construct the collateral RB space W g

M = span{q1(x), . . . , qM(x)}, and second we identify
our sparse set of interpolation points {pi}Mi=1. EIM was first presented in [5], while
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additional details on how to implement EIM for time-dependent problems are presented
in [23]. Furthermore, a greedy training algorithm that relies upon upper error bounds
was developed for time-dependent nonlinear parabolic PDEs and was presented in [22].

EIM controls the error in the interpolation of ηM(·; ·; ·) and provides an online-efficient
a posteriori error estimate for the error in ηM(·; ·; ·). Although EIM allows us to solve
for the field variable u(µ, t) with a computational cost that is fully decoupled from Nh,
it does not allow us to directly control the output error. Moreover, EIM does not allow
us to estimate the output error in an online-efficient manner, even though it is equipped
with an online-efficient error estimate for ηM(·; ·; ·). The goal-oriented EQP framework,
which we will develop for time-dependent problems in chapter 4, will allow us to directly
control the output error and to estimate this error in an online-efficient manner.

2.3.7 Gauss-Newton with Approximated Tensors

The Gauss-Newton with approximated tensors (GNAT) method is an interpolation-then-
integration method designed to operate at the fully discrete level (i.e., following discretiza-
tion in both space and time) [13, 14]. The GNAT method approximates the tensors
r(w, φi;µ, t), i = 1, 2, . . . ,Nh (i.e., the FE residual defined in (2.7)) and r′(w;φj, φi;µ, t),
i, j = 1, 2, . . . ,Nh (i.e., the FE Jacobian linearized about the state w). This section will
present a brief overview of the GNAT method, while details on the implementation are
presented in [13, 14].

First we collect solution snapshots using the FE solver which we compress into the
RB space VN ∈ RNh×N by performing POD on the snapshots {uk(µ) − uk−1(µ) | k =

1, 2, . . . , K, µ ∈ D}. Then we solve the minimum residual problem, which we presented in
section 2.3.2, to collect RB solutions and snapshots of our residual (we can choose between
four different snapshot collection methods for the residual, as presented in [13, 14]). At
this point the cost of evaluating our tensors still depends on Nh so we must introduce
additional approximations. We decouple the cost of evaluating these tensors from Nh by
only computing their exact values for a small subset of carefully selected rows, while we
approximate the values of the remaining rows using gappy POD.

Error bounds for GNAT are developed in [14] and they apply to any semi-discrete
ODE that has been discretized in time using the backward-Euler method. The error
bounds allow users to bound the error in the approximation of the state u(µ, t) at time
t. These error bounds may not always be computable because they require a Lipschitz
constant to be computed or estimated. Moreover, it will not always be possible to time-
march using the backward-Euler method, so we need an error estimate that applies to
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any time-marching scheme.
Although we can use GNAT to solve for the field variable in an online-efficient manner,

GNAT does not allow users to control the output error, nor does it allow users to estimate
the output error in online-efficient manner. GNAT also requires that its ROMs use the
same time-marching method as the FE solver because the GNAT method operates at
the fully-discrete level. The framework we present in chapter 4 allows for explicit control
of the output error and online-efficient output error estimation. The framework is also
continuous-in-time so that the ROM need not use the same time-marching scheme as the
FE solver.

2.3.8 Energy-Conserving Sampling and Weighting

The energy-conserving sampling and weighting (ECSW) method is a physics-based hy-
perreduction procedure based on mesh sampling and the principle of virtual work [18, 19].
A shortcoming of many existing reduced modelling methods is that the ROMs they pro-
vide lack numerical stability, ECSW focuses on providing ROMs that are numerically
stable. ECSW is derived in the context of structural dynamics models. The residual
consists of a sum of forces, while the RB space VN leads to virtual displacement. The
force coupled with the virtual displacement leads to virtual work and ECSW seeks to find
a ROM that preserves the work performed by the force in the FE solver. In section 2.3.9
we present the empirical quadrature procedure, which is similar to ECSW in the sense
that both methods introduce constraints based on the residual and seek a ROM based
on these constraints. ECSW does not directly control the output error and it does not
provide online-efficient error estimates.

2.3.9 Empirical Quadrature Procedure

The empirical quadrature procedure (EQP) was first presented in [37]. EQP is a direct
integration method that seeks approximate the “truth” quadrature rule using a sparse
empirical quadrature rule. We will present EQP in the context of RB methods, where
it is used as a hyperreduction method to decouple the computational cost of the online
stage from Nh. However, EQP can also be used in many other cases where users wish to
approximate an integral empirically (such as performing a Fourier transform) [37]. Work
on EQP in the context of RB approximation using the continuous Galerkin method was
presented in [49], while this framework was extended to discontinuous Galerkin methods
in [47]. A goal-oriented version of EQP for steady problems was also presented in [48].

In the context of RB approximation, EQP reduces the computational cost of numerical
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integration by using empirical quadrature rule with fewer quadrature points than the
“truth” quadrature rule. We recall the Mh-point “truth” quadrature rule {ξhκ , ρhκ}M

h

κ=1 and
the residual form rh : Vh × Vh ×D × I → R

rh(w, v;µ, t) =
Mh∑
κ=1

ρhκrκ(w, v;µ, t), (2.30)

where ρhκ is the quadrature weight associated with quadrature point κ, while rκ(w, v;µ, t)

is the residual evaluated at quadrature point κ. We note that rh(w, v;µ, t) ≈ r(w, v;µ, t)

for the residual (2.29). Next we introduce the EQP weights {ρ∗κ ∈ R≥0}M
h

κ=1, which use
the same quadrature points as the “truth” quadrature rule. Many of the EQP weights are
identically zero so that M∗ �Mh, where M∗ = ‖ρ∗‖0 (the l0 norm counts the number of
non-zero entries in ρh and all {ρhκ}M

h

κ=1 are non-zero). We use the EQP rule to approximate
the “truth” quadrature rule

Mh∑
κ=1

ρhκrκ(w, v;µ, t) ≈
Mh∑
κ=1

ρ∗κrκ(w, v;µ, t). (2.31)

The EQP rules are derived empirically for the given integrand following a linear pro-
graming (LP) procedure, which we present in definition 1 in section 3.1 [37].

In contrast to EIM, GNAT and ECSW, EQP allows users to train the ROM to achieve
a user-specified error tolerance for the training data (ΞNtrain

⊂ D). If the training set
is sufficiently dense, then the ROM will also achieve the error tolerance for the test
data. EIM allows users to specify the number of basis functions in the collateral RB
expansion of the nonlinear residual, but it is not clear how many basis functions are
needed to achieve the desired error tolerance. GNAT allows users to specify a variety of
tuning parameters, but it is not clear how these tuning parameters quantitatively affect
the error. ECSW allows users to train a ROM that maintains numerical stability and
preserves the virtual work performed by the system, but it is unclear how this affects
the output error. None of the aforementioned methods provide robust online-efficient a
posteriori error estimators, or a way to directly control the output error. In chapter 4
we develop an EQP framework for time-dependent problems that allows users to directly
control the output error. Moreover, the framework allows users to compute and estimate
the output error in an online-efficient manner. In chapter 3 we present the existing EQP
frameworks for steady problems in more detail, while in chapter 4 we present the theory
behind the new EQP framework for time-dependent problems.
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2.4 Dual-Weighted Residual Method

As mentioned in section 2.3.4, we will use the DWR method to control and estimate the
output error. The DWR was first presented in [6] and it is different from many of the
other a posteriori error analysis techniques because it deals with the error in an output
functional as opposed to error in global norms. In many cases the error estimates in
global norms rely on unknown stability constants. As mentioned previously, global error
does not always accurately reflect the error in an output. Further, the global stability
constants may not always indicate the sensitivity of the global norm to local error sources.
The DWR method replaces the unknown global stability constants with computationally
obtained local sensitivity factors. The DWRmethod relies on Galerkin orthogonality, and
the a posteriori error estimate is computed by multiplying the residual of the solution by
the local sensitivity factors. It is important that we understand how the DWR method
works to understand some of the methods and techniques outlined later in this work. We
will begin by explaining the DWR method in the context of a steady problem and will
later extend it to apply to unsteady problems.

Given a residual rss(uh(µ), v;µ) and an output functional qss(uh(µ);µ), both associ-
ated with a steady problem, we will consider an infinitesimal perturbation δrss(v) added
to the weak form of the residual. A dual solution zh ∈ Vh, sometimes called an adjoint
solution, can be defined as the sensitivity of the output to the residual perturbation by
the following relationship

δqss ≡ qss(uh(µ) + δuh(µ);µ)− qss(uh(µ);µ) = δrss(zh). (2.32)

For convection dominated problems, a small error in an upstream location could sig-
nificantly affect the downstream solution. The DWR method is useful because outputs
can be highly sensitive to discretization or residual errors that are not easy to identify
a priori. This means that the DWR method can be used to facilitate mesh adaptation
by quantifying how residual errors impact the output error [20]. We will use the DWR
method in conjunction with EQP to control and estimate the output error.

Throughout the rest of this work we refer to the problem associated with the DWR
method as the dual problem (i.e., the problem with field variable z), while we refer to
the problem of interest (i.e., the problem with field variable u) as the primal problem.
For the DWR method to work, we must solve the dual problem in a space that is richer
than the space in which we solve the primal problem. For instance we could choose to
solve our dual problem in a higher-order space (higher p) or we could solve on a finer
mesh (larger ne). In the reduced-basis context we could solve the primal problem in the
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primal RB space, while we solve the dual problem in the FE space, linearized about the
RB solutions.

2.4.1 Steady DWR in an FE Space

We can use the DWR method to estimate the error in the FE output relative to the exact
PDE output, |s(µ)− sh(µ)|. First we introduce the enriched space Vĥ ⊃ Vh in which we
solve the adjoint problem. We recall that we have triangulated our domain Ω into ne
non-overlapping elements such that we have the triangulation Th ≡ {Ji}nei=1 and our FE
space, which consists of piecewise p-order is defined as Vh ≡ {v ∈ V | v|Ji ∈ Pp(Ji), i =

1, 2, . . . , ne}. We can either enrich this space by globally increasing the polynomial degree
by one (i.e., Vĥ ≡ {v ∈ V | v ∈ Pp+1(Ji), i = 1, 2, . . . , ne}) or by increasing the number of
elements (i.e., Vĥ ≡ {v ∈ V | v ∈ Pp(Ji), i = 1, 2, . . . , n̂e}, where n̂e > ne). Regardless of
which method we use to create the enriched space Vĥ we can introduce the dual problem:
given µ ∈ D and uh(µ) ∈ Vh, find zĥ ∈ Vĥ such that

r′ss(uh(µ);w, zĥ(µ);µ) = q′ss(uh(µ);w;µ) ∀w ∈ Vĥ,

where r′ss(uh(µ);w, v;µ) and q′ss(uh(µ);w;µ) are the Gateaux derivatives of rss(·, v;µ) and
qss(·;µ) respectively, about uh(µ) in the direction of w. We can subsequently estimate
the error in the output

|sss(µ)− sss,h(µ)| ≈ ηh ≡ | − rss(uh(µ), zĥ(µ);µ)|.

There are two source of error in our error estimate: (i) the use of uh(µ) as the linearization
point of the adjoint problem instead of the mean-value linearization between uh(µ) and
u(µ), and (ii) the approximation of the adjoint in Vĥ instead of the infinite-dimensional
V [6]. This method has been used successfully in many aerodynamics applications and
results are presented in a review paper [20].

2.5 Summary

In this chapter we presented projection-based model reduction methods in the context
of the model problem presented in [23] (section 2.1). In particular, we outlined RB ap-
proximation and how to construct RB spaces using both POD and greedy approaches
(sections 2.3.1 and 2.3.2). We also explained why hyperreduction is necessary for non-
linear PDEs when we discussed offline-online decomposition in section 2.3.3, while we
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outlined four of the existing hyperreduction methods: EIM, GNAT, ECSW, and EQP
following our discussion of hyperreduction in section 2.3.5. In section 2.3.4 we explained
why error estimates are necessary to ensure that ROMs are reliable and how they can
used in the context of greedy algorithms to sample larger training sets (ΞNtrain

⊂ D).
Finally in section 2.4 we outlined the DWR method which we will use in chapter 4 to
develop a goal-oriented hyperreduction method for time-dependent problems using EQP.



Chapter 3

Steady Empirical Quadrature
Procedure

In section 2.1 we described projection-based model reduction and explained why hyperre-
duction is necessary for problems with general nonlinearities. We explained that we wish
to develop a new hyperreduction framework using EQP (section 2.3.9) and the DWR
method (section 2.4). We will use EQP to enable hyperreduction, while we will use the
DWR method to control and estimate the output error. In this chapter we will describe
the existing EQP frameworks for steady problems in more detail. In particular, we are
interested in understanding goal-oriented EQP (section 3.3) so that we can extend this
framework to apply to time-dependent problems in chapter 4. In this chapter we will also
provide a new approach to steady goal-oriented EQP in section 3.5 which is important
to developing the theory for time-dependent goal-oriented EQP.

Throughout our discussion of EQP we will denote EQP approximations of a quantity
(·) by (̃·). If (·) is an operator, such as a residual, then (̃·) is the EQP approximation to this
operator. If (·) is a variable, such as a field variable, then (̃·) is the EQP approximation to
this variable obtained using the EQP operators. Quantities associated with the primal
problem are denoted by (·)pr, while quantities associated with the dual problem are
denoted by (·)du. We refer readers to the page on nomenclature immediately before the
introduction for a reminder of what each symbol and variable means.

23
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3.1 EQP for Residual Control

Here we will describe the general form of EQP which we can use to control the error in
our residual evaluation. We introduce the steady residual form rh,ss : Vh × Vh ×D → Vh

rh,ss(w, v;µ) ≡
Mh∑
κ=1

ρhκrss,κ(w, v;µ),

associated with the “truth” quadrature weights {ρhκ ∈ R≥0}M
h

κ=1, where rss,κ(·, ·; ·) is similar
in form to (2.10). We state the FE problem: given µ ∈ D find uh(µ) ∈ Vh such that
rh,ss(uh(µ), v;µ) = 0 ∀v ∈ Vh. We solve the FE problem for all µ ∈ ΞNtrain

and we use
these snapshots to construct the V-orthonormal basis {φpr

i }Ni=1 of Vpr
N . Then we introduce

the steady algebraic RB residual rpr
N,ss : RN × D → RN and its associated Jacobian

Jpr
N,ss : RN ×D → RN×N

rpr
N,ss(w;µ)i ≡rh,ss(V pr

N w, φpr
i ;µ), i = 1, 2, . . . , N,

Jpr
N,ss(w;µ)ij ≡

∂rpr
N,ss,i

∂wj

(w;µ, t), i, j = 1, 2, . . . , N,

where w = V pr
N w. Using Galerkin projection onto the primal RB space (Vpr

N ) we solve
the RB problem using the “truth” quadrature rule: given µ ∈ D find uN(µ) ∈ Vpr

N ,
such that rpr

N,ss(uN(µ);µ) = 0. We will decouple the cost of the online stage from Nh
by finding a sparse EQP rule. First we specify (i) an accuracy parameter δ ∈ R≥0,
(ii) a parameter training set ΞNtrain

, and (iii) the associated solution snapshots UNtrain
≡

{uN(µ) ∈ Vpr
N }µ∈ΞNtrain

.

The “truth” quadrature weights are given by {ρhκ ∈ R≥0}M
h

κ=1 and its associated com-
putational cost is characterized by Mh = ‖ρh‖0 (we recall that the l0 norm counts the
number of non-zero entries in ρh and all {ρhκ}M

h

κ=1 are non-zero), while the EQP weights
are given by {ρ∗κ ∈ R≥0}M

h

κ=1, where M∗ ≡ ‖ρ∗‖0. If a quadrature weight is identically
zero, then we do not need to evaluate the residual at this quadrature point. If many
quadrature weights are identically zero, then the cost to evaluate the residual is reduced
and we have a sparse EQP rule where M∗ � Mh. We replace the “truth” quadrature
rule with the EQP rule to write the EQP residual form r̃h,ss : Vh × Vh ×D → Vh

r̃h,ss(w, v;µ) ≡
Mh∑
κ=1

ρ∗κrss,κ(w, v;µ),
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which allows us to write the algebraic RB-EQP residual r̃pr
N,ss : RN ×D → RN

r̃pr
N,ss(w;µ) ≡ r̃h,ss(V

pr
N w, φpr

i ;µ) i = 1, 2, . . . , N,

=
Mh∑
κ=1

ρ∗κr
pr
N,ss,κ(V

pr
N w;µ),

where ρκ is the quadrature weight and rpr
N,ss,κ(w;µ) = rss,κ(V

pr
N w, v;µ) for v ∈ Vpr

N .
We now search for a sparse and accurate EQP rule. An EQP rule is sparse if M∗ �

Mh, while it is accurate if |rpr
N,ss(uN(µ);µ) − r̃pr

N,ss(uN(µ);µ)| ≤ ε, ∀µ ∈ D. We wish
to minimize ‖ρ∗‖0, but we cannot consider an l0 optimization procedure in the ‘zero-
norm’ (i.e. ρ∗opt = arg min

ρ∈RMh ‖ρ‖0) because this optimization problem is NP-hard [16,
34]. Instead we choose to solve this optimization problem in the weaker l1 norm (i.e.
ρ∗ = arg min

ρ∈RMh ‖ρ‖1) which minimizes the sum of the quadrature weights
∑Mh

κ=1 ρ
∗
κ.

Alternatively the method proposed in [19] solves a similar optimization problem in the
l2 norm, which is weaker than the l1 norm and minimizes the sum of the squares of the
quadrature weights

∑Mh

κ=1(ρ∗κ)
2. Here we define the linear programming (LP) procedure.

Definition 1. (LP procedure, LPEQP) We define our LP procedure LPEQP as follows:
find a basic feasible solution ρ∗ ∈ RMh such that

ρ∗ = arg min
ρ∈RMh

Mh∑
κ=1

ρκ

subject to Mh non-negativity constraints

{ρ∗κ ≥ 0}Mh

κ=1, (3.1)

a constant-function accuracy constraint

∣∣|Ω| − Mh∑
κ=1

ρκ
∣∣ < δ, (3.2)

and N ×Ntrain function accuracy constraints

‖rpr
N,ss(u(µ);µ)−

Mh∑
κ=1

ρκr
pr
N,ss,κ(u(µ);µ)‖∞ ≤ δ ∀µ ∈ ΞNtrain

, (3.3)

that are associated with the parametric manifold (manifold accuracy constraints). We
refer to (3.3) as the generic manifold accuracy constraints, and we note that they control
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the error in the residual evaluation. Users can change the manifold accuracy constraints
to change which error they control (i.e., error in the residual evaluation, error in the
output evaluation, etc.).

The size of the LP scales with the number of quadrature points in the full-order
model (Mh), the number of basis functions in the RB space (N), and the size of the
training set (Ntrain) where N ≤ Ntrain. We note that LPEQP is feasible because the
“truth” quadrature rule satisfies all of the constraints. The constant function accuracy
constraint (3.2) improves the robustness of EQP because values of the integrand might
cancel with each other in the domain Ω. Moreover, without the constant function accu-
racy constraint (3.2), EQP produces a trivial quadrature rule when rpr

N,ss(w;µ, t) = 0.
A major advantage of EQP is its precise and accurate error control: EQP can be used

to control the global solution error [49], or to control the output error [48], depending
on which constraints users choose to impose. Although we train our EQP rule to be
accurate for µ ∈ ΞNtrain

, if our training parameters are dense enough over D, then our
EQP rule should be predictive for other testing parameters ΞNtest ∈ D. Moreover, for a
sufficiently refined Nh, increasing Nh should not increase M∗ because the sparseness of
the EQP rule should only depend on the parametric manifold.

3.2 EQP for Global Error Control

We can use EQP to control the global solution error (measured in the V norm) for steady
problems [49]. Throughout this thesis, we refer to a constraint that can be written as a
linear constraint as “LP-admissible.” We introduce the LP procedure LPν

ss to control the
global solution error.

Definition 2. (LPν
ss) The LP procedure LPν

ss controls the global solution error due to
the approximation of rpr

N,ss by r̃pr
N,ss. We introduce the primal solution snapshots UNtrain

≡
{uN(µ)}µ∈ΞNtrain

and we define the LP procedure LPν
ss(ΞNtrain

, UNtrain
, δν). We replace

the generic manifold accuracy constraints in Definition 1 from section 3.1 with the LP-
admissible constraints

‖(Jpr
N,ss(uN(µ);µ))−1(rpr

N,ss(uN(µ);µ)−
Mh∑
κ=1

ρκr
pr
N,ss,κ(uN(µ);µ))‖∞ ≤ δν , (3.4)

for all µ ∈ ΞNtrain
, which directly control the global solution error.

We state the proposition on the global error that is proved in [49].
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Proposition 3. We first fix µ ∈ D. We then introduce ûN(µ) ∈ RN such that

‖uN(µ)− ûN(µ)‖2 ≤ εtrain

for some εtrain ∈ R≥0 and such that Jpr
N,ss(ûN(µ)) is non-singular. Suppose the EQP-

approximated residual form and Jacobian satisfy

‖Jpr
N,ss(ûN(µ);µ)−1r̃pr

N,ss(ûN(µ);µ)‖∞ ≤ δν ,

‖Jpr
N,ss(ûN(µ);µ)−1J̃pr

N,ss(ûN(µ);µ)− I‖max ≤ δJ ,

for some δr ∈ R≥0 and δJ ∈ [0, 1/N ]. Note that ‖A‖max ≡ maxi,j∈{1,2,...,N} |Aij| for any
A ∈ RN×N . Then

‖uN(µ)− ũN‖2 ≤
2N1/2δr
1−NδJ

+ εtrain (3.5)

Proof. The proof relies on the Brezzi-Rappaz-Raviart theorem; see [49].

3.3 Goal-Oriented EQP

In many cases engineers wish to evaluate an output, so we will consider the goal-oriented
EQP framework presented in [48]. This framework allows users to evaluate the output
and estimate the output error using the DWR method (presented in section 2.4) in an
online-efficient manner [6]. It also allows for direct control of the output error. We will
present all of the propositions, but we refer readers to [48] for proofs.

First we introduce the residual EQP weights {ρrκ ∈ R≥0}M
h

κ=1 and the residual form
r̃

(r)
h,ss(w, v;µ) ≡

∑Mh

κ=1 ρ
r
κrss,κ(w, v;µ), which allows us to write the RB-EQP residual r̃pr

N,ss :

RN ×D → RN

r̃pr
N,ss(w;µ)i ≡ r̃

(r)
h,ss(V

pr
N w, φpr

i ;µ) i = 1, 2, . . . , N,

so that we can state the primal RB-EQP problem: given µ ∈ D find ũN(µ) ∈ Vpr
N such

that r̃pr
N,ss(ũN(µ);µ) = 0.

We introduce the output functional qh,ss(w;µ) ≡
∑Mh

κ=1 ρ
h
κqss,κ(w;µ), which allows

us to write the algebraic RB output functional qN,ss(w;µ) ≡ qh,ss(V
pr
N w;µ). We also

introduce the output-functional EQP weights {ρqκ ∈ R≥0}M
h

κ=1 and the EQP output
functional q̃(q)

h,ss(w;µ) ≡
∑Mh

κ=1 ρ
q
κqss,κ(w;µ), which allows us to write the algebraic RB-

EQP output functional q̃N,ss(w;µ) ≡ q̃
(q)
h,ss(V

pr
N w;µ). Then we evaluate the outputs

sN,ss(µ) ≡ qN,ss(uN(µ);µ) and s̃N,ss(µ) ≡ q̃N,ss(ũN(µ);µ).
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We wish to control the output error and we invoke the triangle inequality to write

|sN,ss(µ)− s̃N,ss(µ)| = |qN,ss(uN(µ);µ)− q̃N,ss(ũN(µ);µ)|

≤ |qN,ss(uN(µ);µ)− qN,ss(ũN(µ);µ|+ |qN,ss(ũN(µ);µ)− q̃N,ss(ũN(µ);µ)|. (3.6)

There are two sources of error in (3.6): (i) the error in the approximation of the solution
uN(µ), and (ii) the error in the approximation of the functional qN,ss(·;µ). We will handle
these two sources of error separately, starting with source (i).

The solution uN(µ) is the root of the RB residual rpr
N,ss(·;µ), so error source (i) arises

from the error in the approximation of the RB residual. We will control this error using
the DWR method, approximated in the primal RB space. We introduce the Jacobian of
the RB residual Jpr

N,ss : RN × D → RN×N and the gradient of the RB output functional
gpr
N,ss : RN ×D → RN .

Jpr
N,ss(w;µ)ij ≡ r′h,ss(V

pr
N w;φpr

j , φ
pr
i ), i, j = 1, 2, . . . , N,

gpr
N,ss(w;µ)i ≡ q′h,ss(V

pr
N w;φpr

i ), i = 1, 2, . . . , N.

We state the dual problem: given µ ∈ D and ûN(µ) ∈ RN , find zpr
N (µ) ∈ RN such that

Jpr
N,ss(ûN(µ);µ)Tzpr

N (µ) = gpr
N,ss(ûN(µ);µ) in RN .

Next we introduce a modified adjoint

zpr,w
N (µ)i = max{|zpr

N (µ)|i, zpr,min(µ)}, i = 1, 2, . . . , N (3.7)

where zpr,min(µ) ≡ N1/2
√
δr‖zpr

N (µ)‖2. We now introduce the LP procedure LPr
ss to

control output error due to the error in the approximation of rpr
N,ss.

Definition 4. (LPr
ss) The LP procedure LPr

ss identifies EQP weights {ρrκ ∈ R≥0}M
h

κ=1 and
controls the output error due to the error in the approximation of rpr

N,ss. We introduce
the primal solutions snapshots ÛNtrain

≡ {ûN(µ)}µ∈ΞNtrain
and we define the LP proce-

dure LPr
ss(ΞNtrain

, ÛNtrain
, δr). We replace the generic manifold accuracy constraints in

Definition 1 from section 3.1 with the LP-admissible constraints

‖zpr,w
N (µ) ◦ (rpr

N,ss(ûN(µ);µ)−
Mh∑
κ=1

ρrκr
pr
N,ss,κ(ûN(µ);µ))‖∞ ≤

2δr
3N

∀µ ∈ ΞNtrain
, (3.8)

where ◦ denotes the Hadamard (i.e., element-wise) product. Given vectors w ∈ Rm and
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v ∈ Rm, their dot product is given by w · v ≡
∑m

i=1 wivi ∈ R1, and their Hadamard
product is w ◦ v ∈ Rm whose i-th entry is wivi.

We provide a proposition from [48] to relate error source (i) of (3.6) to constraint (3.8).

Proposition 5. (Output error due to EQP approximation of rpr
N,ss(·; ·)). Suppose

‖zpr,w
N ◦ (rpr

N,ss(ûN(µ);µ)− r̃N,ss(ûN(µ);µ))‖∞ ≤
2δr
3N

,

‖I− Jpr
N,ss(ûN(µ);µ)J̃pr

N,ss(ûN(µ);µ)−1‖max ≤δJ ,

where ‖A‖max denotes the maximum entry of the matrix A ∈ RN×N . Then

|qN,ss(uN(µ);µ)− qN,ss(ũN(µ);µ)| ≤ δr +O(δ2
J) +O(δ̂2) +O(δ̃2),

where δ̃ ≡ ‖uN(µ)− ũN(µ)‖2 and δ̂ ≡ ‖uN(µ)− ûN(µ)‖2.

Proof. See [48].

We note that we do not directly enforce the Jacobian constraint because it would add
N2 manifold accuracy constraints per training point and we instead hope that we control
the Jacobian error indirectly by controlling the residual error directly. We also note that
the effect of Jacobian error on the output error is second-order (δ2

J), as opposed to the
first-order effect of the residual error (δr).

Next we introduce the LP procedure LPq
ss to control error source (ii) of (3.6).

Definition 6. (LPq
ss) The LP procedure LPq

ss identifies EQP weights {ρqκ ∈ R≥0}M
h

κ=1 and
controls the output error due to the error in the approximation of qN,ss. We introduce
the primal solution snapshots ŨNtrain

≡ {ũN(µ)}µ∈ΞNtrain
and we define the LP proce-

dure LPq
ss(ΞNtrain

, ŨNtrain
, δq). We replace the generic manifold accuracy constraints in

Definition 1 from section 3.1 with the LP-admissible constraints

|qN(ũN,ss(µ);µ)−
Mh∑
κ=1

ρqκqN,ss,κ(ũN(µ);µ)| ≤ δq ∀µ ∈ ΞNtrain
.

3.4 DWR EQP: A Posteriori Error Estimation

In this section we describe how to estimate the output error in an online-efficient manner
using the DWR method, as presented in [48]. We can compute the RB DWR error esti-
mate |ηN(µ)| ≈ |qh,ss(uh(µ);µ)− qh,ss(ũN(µ);µ)|, or the RB-EQP approximation |η̃N(µ)|.
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First we compute dual FE solution snapshots z ∈ Vh (as described in section 2.4),
linearized about the primal RB-EQP solutions ũN ∈ Vpr

N , to construct the V-orthonormal
basis {φdu

i }Ni=1 for Vdu
N . Next we project the dual-problem onto the dual RB space,

where we have the Jacobian Jdu
N,ss : RN × D → RN×N and the gradient of the output

gdu
N,ss : RN ×D → RN

Jdu
N,ss(w;µ)ij ≡ r′h,ss(V

pr
N w;φdu

j , φ
du
i ), i, j = 1, 2, . . . , N,

gdu
N,ss(w;µ)i ≡ q′h,ss(V

pr
N w;φdu

i ), i = 1, 2, . . . , N.

We state the dual RB problem: given µ ∈ D and ũN(µ) ∈ RN , find zdu
N (µ) ∈ RN such

that Jdu
N,ss(ũN,ss(µ);µ)Tzdu

N (µ) = gdu
N,ss(ũN(µ);µ), in RN . Then we introduce the primal

residual projected onto the dual RB space rdu
N,ss : RN ×D → RN×N

rdu
N,ss(w;µ)i ≡ rh,ss(V

pr
N w;φdu

i ), i = 1, 2, . . . , N,

and we evaluate the RB DWR error estimate ηN(µ) ≡ zduT
N rdu

N,ss(ũN(µ);µ).

We introduce the DWR EQP weights {ρηκ ∈ R≥0}M
h

κ=1. Then we introduce the
EQP residual form r̃

(η)
h,ss(w, v;µ) ≡

∑Mh

κ=1 ρ
η
κrh,ss,κ(w, v;µ) and the EQP output form

q̃
(η)
h,ss(w;µ) ≡

∑Mh

κ=1 ρ
η
κqss,κ(w;µ). We use these forms to introduce the RB-EQP Jaco-

bian and output gradient

J̃du
N,ss(w;µ)ij ≡ r̃

(η)
h,ss
′(V pr

N w;φdu
j , φ

du
i ), i, j = 1, 2, . . . , N,

g̃du
N,ss(w;µ)i ≡ q̃

(η)
h,ss
′(V pr

N w;φdu
i ), i = 1, 2, . . . , N.

Then we state the dual RB-EQP problem: given µ ∈ D and ũN(µ) ∈ RN , find z̃du
N (µ) ∈

RN such that J̃du
N,ss(ũN,ss(µ);µ)T z̃du

N (µ) = g̃du
N,ss(ũN(µ);µ), in RN . We introduce the RB-

EQP residual r̃du
N,ss : RN ×D → RN×N

r̃du
N,ss(w;µ)i ≡ r̃

(η)
h,ss(V

pr
N w;φdu

i ), i = 1, 2, . . . , N,

and we evaluate the RB-EQP DWR error estimate η̃N(µ) ≡ z̃duT
N r̃du

N,ss(ũN(µ);µ).

We wish to control the error |ηN − η̃N |, which we write as

|ηN − η̃N | = |zduT
N rdu

N,ss − z̃duT
N r̃du

N,ss|

≤ | (zdu
N − z̃du

N )T rdu
N,ss︸ ︷︷ ︸

source (i)

|+ | zduT
N (rdu

N,ss − r̃du
N,ss)︸ ︷︷ ︸

source (ii)

|+ | (zdu
N − z̃du

N )T (rdu
N,ss − r̃du

N,ss)︸ ︷︷ ︸
source (iii)

|. (3.9)



Chapter 3. Steady Empirical Quadrature Procedure 31

We see that (3.9) has three source of error: (i) the error in the approximation of the dual
solution zdu

N (·), (ii) the error in the residual evaluation rdu
N,ss(·; ·), and (iii) the product of

these two errors. We will introduce constraints to directly control error sources (i) and
(ii) so that they indirectly control error source (iii).

We introduce scaling constants

α(µ) ≡ ‖zdu
N (µ)‖2

‖rdu
N,ss(ũN(µ))‖2

, zdu,min(µ) ≡ 1
2

√
α(µ)δη
N

, rdu,min(µ) ≡ 1

2

√
δη

α(µ)N
,

and then we define

zdu,w
N (µ) = max{|zdu

N (µ)|, zdu,min(µ)}

rdu,w
N,ss (ũN(µ);µ) = max{|rdu

N,ss(ũN(µ);µ)|, rdu,min(µ)},

where the max operator between the vector and the scalar is applied to each element of
the vector. Next we introduce the LP procedure LPη

ss to control the error in the DWR
error estimate.

Definition 7. (LPη
ss) The LP procedure LPη

ss identifies EQP weights {ρηκ ∈ R≥0}M
h

κ=1 and
controls the error in the DWR error estimate. We introduce the primal and dual solution
snapshots ŨNtrain

≡ {ũN(µ)}µ∈ΞNtrain
and ZNtrain

≡ {zdu
N (µ)}µ∈ΞNtrain

, then we define the
LP procedure LPη

ss(ΞNtrain
, ŨNtrain

, ZNtrain
, δη). We replace the generic manifold accuracy

constraints in Definition 1 from section 3.1 with constraints to control the error sources
(i) and (ii) of (3.9). First we impose two sets of constraints to control error source (i)
of (3.9) – the approximation of the dual solution zdu

N (µ):

‖rdu,w
N,ss (ũN(µ);µ) ◦ Jdu

N,ss(ũN(µ);µ)−T (Jdu
N,ss(ũN ;µ)Tzdu(µ)

−
Mh∑
κ=1

ρηκJ
du
N,ss,κ(ũN(µ);µ)Tzdu

N (µ))‖∞ ≤
δη

4N
∀µ ∈ ΞNtrain

, (3.10)

and

‖rdu,w
N,ss (ũN(µ);µ) ◦ Jdu

N,ss(ũN(µ);µ)−T (gdu
N,ss(ũN(µ);µ)

−
Mh∑
κ=1

ρηκgN,ss,κ(ũN(µ);µ))‖∞ ≤
δη
4N

∀µ ∈ ΞNtrain
. (3.11)

Next we impose constraints to control the error due to source (ii) of (3.9) – the approxi-
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mation of the residual rdu
N :

‖zdu
N (µ) ◦ (rdu

N,ss(ũN(µ);µ)−
Mh∑
κ=1

ρηκr
du
N,ss,κ(ũN(µ);µ))‖∞ ≤

δη
2N

∀µ ∈ ΞNtrain
. (3.12)

We now provide propositions from [48] to relate constraints (3.10) and (3.11) to error
source (i) of (3.9), and constraint (3.12) to error source (ii)

Proposition 8. (DWR error due to approximation of zdu
N (µ)). Suppose

‖rdu,w
N,ss (ũN) ◦ (Jdu

N,ss(ũN)−T (Jdu
N,ss(ũN)Tzdu

N − J̃du
N (ũN)Tzdu

N ))‖∞ ≤
δη
4N

, (3.13)

‖rdu,w
N,ss (ũN) ◦ (Jdu

N,ss(ũN)−T (gdu
N,ss(ũN)− g̃du

N,ss)))‖∞ ≤
δη
4N

, (3.14)

‖I − J̃du
N,ss(ûN)−TJdu

N,ss(ûN)T‖max ≤ δJ , (3.15)

where ‖A‖max denotes the maximum entry of the matrix A ∈ RN×N . Then

|rdu
N,ss(ũN)T (zdu

N − z̃du
N )| ≤ δη

2
+O(δ2

η) +O(δ2
J), (3.16)

‖zdu
N − z̃du

N ‖2 ≤
1

2

√
αδη +O(δη) +O(δ2

J). (3.17)

Proof. See [48].

Proposition 9. (DWR error due to approximation of rdu
N,ss(·; ·)). Suppose

‖zdu
N ◦ (rdu

N,ss(ũN)− r̃du
N,ss(ũN))‖∞ ≤

δη
2N

. (3.18)

Then

|zduT
N (rdu

N,ss(ũN)− r̃du
N,ss(ũN))| ≤ δη

2
, (3.19)

‖rdu
N,ss(ũN)− r̃du

N (ũN)‖2 ≤
√
δη
α
. (3.20)

Proof. See [48].

Corollary 10. The combination of propositions 8 and 9 implies that

|(zdu
N −z̃du

N )T (rdu
N,ss(ũN−r̃du

N,ss(ũN))| ≤ ‖zdu
N −z̃du

N ‖2‖rdu
N,ss(ũN)−r̃du

N,ss(ũN)‖2 ≤ δη/2; (3.21)

the highest-order error is at most δη/2 (and is nominally δ2
η).
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We note that we do not directly control the Jacobian error for the same reasons that
we described in section 3.3 (the Jacobian error is second-order and we hope that the
control of the residual error will indirectly control the Jacobian error). We further note
that by controlling error sources (i) and (ii) for the DWR error estimate, that we also
indirectly control error source (iii).

3.5 DWR EQP: Alternate Form

We consider an alternate approach to DWR EQP where we apply the DWR method to
the dual problem (dual-of-the-dual approach). First we introduce the tangent equation
for steady problems, which is the equation that arises from the dual-of-the-dual approach.
We will show how to estimate the error in the DWR error estimate, which in turn will
allow us to control the error in the DWR error estimate. The dual-of-the-dual approach
closely follows the goal-oriented EQP approach presented in section 3.3.

We will now present the RB tangent problem, which we solve in the dual RB space
(Vdu

N ). We define the dual output as the RB DWR error estimate ηN(µ), while we
treat the RB-EQP dual solution z̃du

N (µ) ∈ RN as the primal variable (i.e., error in the
approximation of zdu

N (µ) by z̃du
N (µ) leads to error in the evaluation of ηN(µ)). We state

the tangent problem: given µ ∈ D and ũN(µ) ∈ RN , find ψdu
N (µ) ∈ RN such that

Jdu
N,ss(ũN(µ);µ)ψdu

N (µ)− rdu
N,ss(ũN(µ);µ) = 0 in RN , (3.22)

which means that ψdu
N (µ) = Jdu

N,ss(ũN(µ);µ)−1rdu
N,ss(ũN(µ);µ). We can estimate the error

in the DWR error estimate due to the error in the dual variable

− (zdu
N − z̃du

N )T rdu
N,ss ≈ −ψduT

N (JduT
N,ssz̃

du
N + gdu

N ) =

− (Jdu−1
N,ss r

du
N,ss)

T (JduT
N,ssz̃

du
N + gdu

N ) = −rduT
N,ssJ

du−T
N,ss (JduT

N,ssz̃
du
N + gdu

N ).

We notice that the above expression is similar to constraints (3.10) and (3.11), which in
proposition 8 from section 3.4 are used to control the error |(zdu

N − z̃du
N )T rdu

N,ss|.
We will now introduce and prove a new proposition that will allow us to control error

source (i) of (3.9) using the tangent solution ψdu
N (µ) ∈ RN . We will continue to control

error source (ii) using constraint (3.10) (see proposition 9). We will also split the LP
procedure LPη

ss from definition 7 into two separate LP procedures. First we introduce
the LP procedure LPη,2, associated with EQP weights {ρη,2κ ∈ R≥0}M

h

κ=1, to control error
source (ii) of (3.9).
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Definition 11. (LPη,2
ss ) The LP procedure LPη,2

ss identifies EQP weights {ρη,2κ ∈ R≥0}M
h

κ=1

and controls the error in the DWR error estimate due to the approximation of rdu
N (·, ·) by

r̃du
N (·, ·). We introduce the primal and dual solutions snapshots ŨNtrain

≡ {ũN(µ)}µ∈ΞNtrain

and ZNtrain
≡ {zdu

N (µ)}µ∈ΞNtrain
, then we define the LP procedure LPη,2

ss (ΞNtrain
, ŨNtrain

, ZNtrain
, δη2).

We replace the generic manifold accuracy constraints in Definition 1 from section 3.1 with
constraints

‖zdu
N (µ) ◦ (rdu

N,ss(ũN(µ);µ)−
Mh∑
κ=1

ρη,2κ rdu
N,ss,κ(ũN(µ);µ))‖∞ ≤

δη2
2N

∀µ ∈ ΞNtrain
.

Next we introduce the scaling constant ψdu,min(µ) ≡
√

δη1
N
‖ψdu

N (µ)‖2 and we define

ψdu,w
N (µ) ≡ max{|ψdu

N (µ)|, ψdu,min(µ)}.

We can now introduce the LP procedure LPη,1, associated with EQP weights {ρη,1κ ∈
R≥0}M

h

κ=1, to control error source (i) of (3.9).

Definition 12. (LPη,1
ss ) The LP procedure LPη,1

ss identifies EQP weights {ρη,1κ ∈ R≥0}M
h

κ=1

and controls the error in the DWR error estimate due to the approximation of zdu
N by z̃du

N .
We introduce the primal, dual, and tangent solution snapshots ŨNtrain

≡ {ũN(µ)}µ∈ΞNtrain
,

ZNtrain
≡ {zdu

N (µ)}µ∈ΞNtrain
, and ΨNtrain

≡ {ψdu
N (µ)}µ∈ΞNtrain

. Then we define the LP pro-
cedure LPη,1

ss (ΞNtrain
, ŨNtrain

, ZNtrain
,ΨNtrain

, δη1). We replace the generic manifold accuracy
constraints in Definition 1 from section 3.1 with three sets of constraints ∀µ ∈ ΞNtrain

:

‖ψdu,w
N (µ) ◦ (Jdu

N,ss(ũN(µ);µ)Tzdu
N (µ)−

Mh∑
κ=1

ρη,1κ Jdu
N,ss,κ(ũN(µ);µ)Tzdu

N (µ))‖∞ ≤
δη1
4N

,

(3.23)

‖ψdu,w
N (µ) ◦ (gdu

N,ss(ũN(µ);µ)−
Mh∑
κ=1

ρη,1κ gdu
N,ss,κ(ũN(µ);µ))‖∞ ≤

δη1
4N

.

(3.24)

‖Jdu
N,ss(ũN(µ);µ)−T (

Mh∑
κ=1

ρη,1κ [Jdu
N,ss,κ(ũN(µ);µ)Tzdu

N (µ) + gdu
N,ss,κ(ũN(µ);µ))]‖∞ ≤

1

2

√
δη1
N

(3.25)

We introduce a proposition to show that we can control error source (i) of (3.9) using
the tangent solution ψdu

N (µ) ∈ RN .
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Proposition 13. (DWR error due to approximation of zdu
N (·)). Suppose

|(ψdu,w
N )T (J̃du

N,ss(ũN)Tzdu
N + g̃du

N,ss(ũN)| ≤δη1
2
, (3.26)

‖Jdu−T
N,ss (J̃duT

N,ssz
du
N + g̃du

N,ss)‖∞ ≤
1

2

√
δη1
N

(3.27)

‖I− Jdu
N,ss(ũN)T J̃du

N,ss(ũN)−T‖max ≤δJ , (3.28)

‖I− J̃du
N,ss(ũN)−TJdu

N,ss(ũN)T‖max ≤δJ , (3.29)

where ‖A‖max denotes the maximum entry of matrix A ∈ RN×N . Then

|rdu
N,ss(ũN)T (zdu

N − z̃du
N )| ≤δη

2
+O(δ2

η1
) +O(δ2

J), (3.30)

‖zdu
N − z̃du

N ‖2 ≤
1

2

√
δη1 +O(δη1) +O(δ2

J) (3.31)

Proof. We drop ũN as an argument and assume that all three of rdu
N,ss, Jdu

N,ss, and gdu
N,ss

are evaluated about ũN , unless specified otherwise. To prove (3.30), we recall that
z̃du
N = −J̃du−T

N,ss g̃du
N,ss to get

zdu
N − z̃du

N =zdu
N + J̃du−T

N,ss g̃du
N,ss = Jdu−T

N,ss JduT
N,ssJ̃

du−T
N,ss (J̃duT

N,ssz
du
N + g̃du

N,ss), (3.32)

=Jdu−T
N,ss (I − (I − JduT

N,ssJ̃
du−T
N,ss ))(J̃duT

N,ssz
du
N + g̃du

N,ss),

=Jdu−T
N,ss (I −A1)(J̃duT

N,ssz
du
N + g̃du

N,ss),

where we have defined A1 ≡ I − JduT
N,ssJ̃

du−T
N,ss . We apply the operator rduT

N,ss to get

rduT
N,ss(z

du
N − z̃du

N ) = rduT
N,ssJ

du−T
N,ss (I −A1)(J̃duT

N,ssz
du
N + g̃du

N,ss). (3.33)

Using the rules of matrix multiplication and the definition of our tangent problem we get
rduT
N,ssJ

du−T
N,ss = (Jdu−1

N,ss r
du
N,ss)

T = ψduT
N . It follows from the triangle inequality that

|rduT
N,ss(z

du
N − z̃du

N )| ≤ |ψduT
N (J̃duT

N,ssz
du
N + g̃du

N,ss)|+ |ψduT
N A1(J̃duT

N,ssz
du
N + g̃du

N,ss)|. (3.34)

We use the constraint (3.26) to bound the first term of (3.34)

|ψduT
N (J̃duT

N,ssz
du
N + g̃du

N,ss)| ≤ |(ψ
du,w
N )T (J̃duT

N,ssz
du
N + g̃du

N,ss)| ≤
δη1
2

(3.35)
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and hence

|ψduT
N (J̃duT

N,ssz
du
N + g̃du

N,ss)| ≤ N‖ψdu,w
N ◦ (J̃duT

N,ssz
du
N + g̃du

N,ss)‖∞ ≤
δη1
2
.

We bound the second term of (3.34) by noting that

ψdu,min‖J̃duT
N,ssz

du
N + g̃du

N,ss‖∞ ≤ ‖ψ
du,w
N ◦ (J̃duT

N,ssz
du
N + g̃du

N,ss)‖∞ ≤
δη1
2N

,

by ψdu,min ≤ ψdu,w
N and (3.35). It follows that

‖J̃duT
N,ssz

du
N + g̃du

N,ss‖∞ ≤
√
N√

δη1‖ψdu
N (µ)‖2

δη1
2N

=

√
δη1

2
√
N‖ψdu

N (µ)‖2

, (3.36)

by definition of ψdu,min, and hence

|ψdu
N A1(J̃duT

N,ssz
du
N + g̃du

N,ss)| ≤ ‖ψdu
N ‖2‖A1‖2‖J̃duT

N,ssz
du
N + g̃du

N,ss‖2 ≤

N3/2‖ψdu
N ‖2‖A1‖max‖J̃duT

N,ssz
du
N + g̃du

N,ss‖∞ ≤
N

2
δJ
√
δη1 ≤ εδη1 +O(δ2

J), (3.37)

where the third inequality follows from the definitions of our norms, while the fourth
inequality follows from (3.28) and (3.36), and the final inequality follows from Young’s
inequality for arbitrary small ε. We combine (3.35) and (3.37) to get

|rduT
N,ss(z

du
N − z̃du

N )| ≤ (
1

2
+ ε)δη1 +O(δ2

J),

for arbitrary small ε, which is the first desired inequality.

Next we define A2 ≡ I− J̃du−T
N,ss JduT

N,ss so that we can write

zdu
N − z̃du

N = (I−A2)Jdu−T
N,ss (J̃duT

N,ssz
du
N + g̃du

N,ss).

We notice that J̃duT
N,ssz

du
N + g̃du

N,ss is the residual for the dual RB-EQP evaluated about the
dual RB state zdu

N and the primal RB-EQP state ũN . In proposition 3 from section 3.2
we state that we can control the global solution error for steady problems by enforcing
the constraint Jpr

N,ss(uN(µ);µ)−1r̃pr
N,ss(uN(µ);µ) [49]. We write the equivalent constraint

for the dual problem Jdu−T
N,ss (J̃duT

N,ssz
du
N + g̃du

N,ss), which corresponds to constraint (3.27). We
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can now prove the second inequality (3.31):

‖zdu
N −z̃du

N ‖2 = ‖(I−A2)Jdu−T
N,ss (J̃duT

N,ssz
du
N +g̃du

N,ss)‖2 ≤ (1+‖A2‖2)‖Jdu−T
N,ss (J̃duT

N,ssz
du
N +g̃du

N,ss)‖2

≤ (1+N‖A2‖max)
√
N‖Jdu−T

N,ss (J̃duT
N,ssz

du
N +g̃du

N,ss)‖∞ ≤
1

2
(1+NδJ)

√
δη1 ≤

1

2

√
δη1+O(δη1)+O(δ2

J),

where the first inequality follows from ‖(I−A)v‖2 ≤ (1+‖A‖2)‖v‖2 ∀v ∈ RN , the second
inequality follows from the norm inequalities, the third inequality follows from (3.27)
and (3.29), and the last inequality follows from Young’s inequality. This is the desired
inequality.

Corollary 14. The combination of (3.20) from section 3.4 and (3.31) implies that

|(zdu
N − z̃du

N )T (rdu
N,ss(ũN)− r̃du

N,ss(ũ))| ≤ ‖zdu
N − z̃du

N ‖2‖rdu
N,ss(ũN)− r̃du

N,ss(ũN)‖2 ≤ δη/2,

so that error source (iii) is bounded by δη/2, where δη = max(δ1, δ2).

In the DWR EQP formulation presented in [48], the authors use the definition of
rdu,min to bound ‖Jdu−T

N,ss (J̃duT
N,ssz

du
N + g̃du

N,ss)‖2 implicitly, which in turn allows the formu-
lation to control the error in ‖zdu

N − z̃du
N ‖2. However, in the new approach using the

tangent solution ψdu
N = Jdu−T

N,ss rdu
N,ss, we are no longer able to use rdu,min. We must instead

introduce (3.27) as an explicit constraint, which corresponds to the constraint for global
error control presented in [49].

3.6 Summary

In this chapter we presented a general form of EQP to control the error in the approx-
imation of rpr

N,ss by r̃pr
N,ss using the LPEQP procedure (see definition 1 in section 3.1). In

section 3.2 we showed how we can transform the general form of EQP to control the
global solution error ‖uN − ũN‖V using the LPν procedure (see definition 2). Then in
section 3.3 we showed how to use the LPr

ss and LPq
ss procedures to control the output

error (see definitions 4 and 6), while in section 3.4 we showed how to use the LPη
ss to

control the error in the DWR error estimate (see definition 7). Finally in section 3.5, we
introduced a new approach to combining EQP and DWR to control the error in the DWR
error estimate using the LPη,1

ss and LPη,2
ss procedures (see definitions 11 and 12). We will

use this new approach to extend the goal-oriented EQP framework to time-dependent
problems in Chapter 4.



Chapter 4

EQP for Time-Dependent PDEs

In chapter 3 we demonstrated the versatility of the EQP framework for steady problems.
In this chapter we will extend the goal-oriented EQP framework and its associated DWR
error estimator to time-dependent problems. First we will present the relevant prelimi-
nary materials in section 4.1, followed by a discussion of the space-time DWR formulation
in section 4.2. In section 3.5 we presented an alternate form of EQP DWR for steady
problems that relies on the dual-of-the-dual (tangent) approach. In section 4.3 we will
present the dual-of-the-dual approach for time-dependent problems, which we will use
to extend DWR EQP to time-dependent problems in section 4.5. We will also extend
goal-oriented EQP to time-dependent problems in section 4.4.

4.1 Preliminary Materials

Here we introduce the relevant preliminary materials to make this chapter as self-contained
as possible. We will solve our primal and dual problems over the spatial domain Ω and
the time domain I ≡ (0, T ], where T represents the terminal time. We project our
problem onto the Sobolev space V (over Ω). Our unsteady residual has the form

r̄(w, v;µ, t) =

∫
Ω

v
∂w

∂t
dx+ r(w, v;µ, t) ∀w, v ∈ V ,

while our output has the form

s(µ) =

∫
I

q(u(µ, t);µ, t)dt+ qT (u(µ, T );µ, T ).

38
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4.2 Space-Time DWR

We presented the DWR method for steady problems in section 2.4, while the DWR
method was first presented [6]. The DWR method has also previously been applied to
time-dependent problems in the context of CFD [8, 21]. Here we will derive the DWR
relationship for time-dependent problems. In this section we will include µ and t as
arguments, but we will later omit these arguments for the sake of brevity.

Bochner spaces are often used in the functional analysis approach to study time-
dependent PDEs [38]. We introduce (i) the space-time Bochner space V = C0([0, T ];L2(Ω))∩
L2(I;V), (ii) the dual space V ′, and (iii) duality pairing 〈·, ·〉 : V ′ × V → R. Then we
define the space-time operator A : V ×D → V ′ such that

〈A(w;µ), v〉 ≡
∫
I

∫
Ω

v
∂w

∂t
dxdt+

∫
I

r(w, v;µ, t)dt−
∫

Ω

v(t = 0)(w0−w(t = 0))dx ∀w, v ∈ V .

and the space-time output operator J : V ×D → R such that

J(w;µ) ≡
∫
I

q(w;µ, t)dt+ qT (w;µ, T ) ∀w ∈ V .

We also define the Lagrangian operator L : V × V ×D → R

L(w; v;µ) ≡ 〈A(w;µ), v〉+ J(w;µ) ∀w, v ∈ V ,

and require the primal and dual solutions {u, z} ∈ V × V to correspond to a stationary
point of the Lagrangian. We seek solutions {u, z} ∈ V ×V to the Euler-Lagrange system

〈A(u;µ), v〉 =0, ∀v ∈ V , (4.1)

〈DA(u;µ)v, z〉+ 〈DJ(u;µ), v〉 =0, ∀v ∈ V , (4.2)

where DA : V ×D → V ′ and DJ : V ×D → V ′ are the derivative operators such that

〈DA(w;µ)v, z〉 ≡ lim
ε→0

1

ε
(〈A(w + εv;µ), z〉 − 〈A(w;µ), z〉) ∀w, z, v ∈ V , (4.3)

〈DJ(w;µ), v〉 ≡ lim
ε→0

1

ε
(J(w + εv;µ)− J(w;µ)) ∀w, v ∈ V . (4.4)
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We write two forms of the operator DA:

〈DA(w;µ)v, z〉 =

∫
I

∫
Ω

z
∂v

∂t
dxdt+

∫
I

r′(w; v, z;µ, t)dt−
∫

Ω

[zv]t=0dx, (4.5)

= −
∫
I

∫
Ω

v
∂z

∂t
dxdt+

∫
I

r′(w; v, z;µ, t)dt+

∫
Ω

[zv]t=Tdx, (4.6)

for all w, z, v ∈ V , which are equivalent using integration by parts. We recall that
r′(w; v, z;µ, t) is the Gateaux derivative of r(·, z;µ, t) about w in the direction v. We also
write the derivative operator DJ :

〈DJ(w;µ), v〉 ≡
∫
I

q′(w; v;µ, t)dt+ q′T (w; v;µ, T ) ∀w, v ∈ V , (4.7)

where q′(w; v;µ, t) and q′T (w; v;µ, T ) are the Gateaux derivatives of q(·;µ, t) and qT (·;µ, T ),
respectively, about w in the direction v.

We write the adjoint equation (4.2) using the operators defined above

−
∫
I

∫
Ω

v
∂z

∂t
dxdt+

∫
I

r′(u; v, z;µ, t)dt+

∫
I

q′(u; v;µ, t)dt+ q′T (u(T ); v;µ, T )

+

∫
Ω

[zv]t=Tdx = 0 ∀u, v, z ∈ V . (4.8)

We break this statement into two components: (i) the terminal condition, and (ii) the
equation for all other times. We make this equation strong in time and write:∫

Ω

[zv]t=Tdx+ q′T (u(T ); v;µ, T ) = 0 ∀u, v, z ∈ V , (4.9)

−
∫

Ω

v
∂z

∂t
dx+ r′(u; v, z;µ, t) + q′(u; v;µ, t) = 0 ∀u, v, z ∈ V . (4.10)

We solve the primal problem in the space Vn ⊂ V , where n indicates a general sequence
of approximations. The space Vn is meant to approximate the space V , while the solution
un ∈ Vn is meant to approximate the solution u ∈ V . This leads to error in the evaluation
of the output functional and we can estimate this error using the DWR method

J(u;µ)− J(un;µ) = −〈A(un;µ), z〉+O(‖u− un‖2
V ) z ∈ V . (4.11)

We see that the truncation error is second-order, meaning that the DWR error estimate
is first-order accurate. In section 3.4 we demonstrated how the DWR method can be used
in the RB-EQP context to estimate the error between the output functional evaluated
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using the true solution and the output functional evaluated using the RB-EQP solution.

4.3 Error in Space-Time DWR

In section 3.5 we discussed the dual-of-the-dual (tangent) approach for steady problems
and we will now extend this discussion to time-dependent problems. We cannot solve for
the exact dual solution z ∈ V , so we instead seek the approximate dual solution zn̂ ∈ Vn̂

for un ∈ Vn, where Vn ⊂ Vn̂ ⊂ V , such that

〈DA(un)v, zn̂〉+ 〈DJ(un), v〉 = 0 ∀v ∈ Vn̂.

We evaluate the DWR error estimate ηn̂ = −〈A(un), zn̂〉) and treat it as our “output”.
Then we apply the DWR method to the dual problem and find that the dual-of-the-dual
ψ ∈ V satisfies

〈DA(un)ψ, v〉 − 〈A(un), v〉 = 0 ∀v ∈ V , (4.12)

so that we can estimate the error in the DWR error estimate as

〈A(un), z〉 − 〈A(un), zn̂〉 = −〈DA(un)ψ, zn̂〉 − 〈DJ(un), ψ〉+O(‖z − zn̂‖2
V ). (4.13)

We use the definitions DA(w) and DJ(w) from equations (4.6) and (4.7), respectively,
to rewrite the dual-of-the-dual equation (4.12) as∫

I

∫
Ω

v
dψ

dt
dxdt+

∫
I

r′(u;ψ, v)dt−
∫
I

∫
Ω

v
∂u

∂t
dxdt−

∫
I

r(u; v)dt = 0 ∀v ∈ V ,

while we write the estimate of the error in the DWR error estimate (4.13) as

〈A(u), z〉 − 〈A(u), zh〉 ≈ −〈DA(u)ψ, zh〉 − 〈DJ(u), ψ〉

= −
∫
I

∫
Ω

zh
∂ψ

∂t
dxdt−

∫
I

r′(u;ψ, zh)dt−
∫
I

q′(u;ψ)dt− q′T (u;ψ). (4.14)

=

∫
I

∫
Ω

ψ
∂zh
∂t

dxdt−
∫
I

r′(u;ψ, zh)dt−
∫
I

q′(u;ψ)dt− q′T (u;ψ)−
∫

Ω

[zψ]Tdx. (4.15)

In section 4.5 we introduce EQP constraints to control the error in the dual solution. We
will choose our constraints based on (4.15) rather than (4.14) so that the dual residual
used to compute the estimate of the error in the DWR error estimate is consistent with
the dual residual used to solve the dual problem.
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4.4 Goal-Oriented EQP

4.4.1 Preliminary Materials

We will now extend the goal-oriented EQP framework presented in section 3.3 so that
it applies to time-dependent problems. First we solve the FE problem for the training
parameters in ΞNtrain

over time-steps k = 1, 2, . . . , K, then we use these snapshots to
construct the V-orthonormal basis {φpr

i }Ni=1 of Vpr
N . Next we introduce the RB space-time

space V pr
N = C0([0, T ];Vpr

N ) ∩ L2(I;Vpr
N ). We also recall the operator V pr

N : RN → VN ,
which associates a generalized coordinate w ∈ RN to a function w ∈ Vpr

N as wN =

V pr
N wN =

∑N
i=1 wN,iφN,i. We reintroduce the residual form rh : Vh × Vh × D × I → Vh

and the bilinear form mh : Vh × Vh → Vh

rh(w, v;µ, t) ≡
Mh∑
κ=1

ρhκrκ(w, v;µ, t), (4.16)

mh(w, v) ≡
Mh∑
κ=1

ρhκmκ(w, v), (4.17)

associated with the “truth” quadrature weights {ρhκ ∈ R≥0}M
h

κ=1. Then we introduce the
algebraic residual rpr

N : RN ×D × I → RN such that

rpr
N (w;µ, t)i ≡ rh(V

pr
N w;φpr

i ;µ, t), i = 1, 2, . . . , N, (4.18)

and the mass matrix Mpr
N ∈ RN×N such that

(Mpr
N )ij ≡ mh(φ

pr
j , φ

pr
i ) i, j = 1, 2, . . . , N. (4.19)

We state the primal RB problem, discretized using the backward Euler time-marching
method: given µ ∈ D find uN,k(µ) ∈ Vpr

N such that

Mpr
N (uN,k(µ)− uN,k−1(µ)) + (tk − tk−1)rpr

N (uN,k(µ);µ, tk) = 0, k = 1, 2, . . . , K. (4.20)
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We introduce the output forms qh : Vh ×D × I → R and qh,T : Vh ×D × I → R

qh(w;µ, t) ≡
Mh∑
κ=1

ρhκqκ(w;µ, t), (4.21)

qh,T (w;µ, t) ≡
Mh∑
κ=1

ρhκqT,κ(w;µ, t). (4.22)

We reintroduce the output functionals qN : RN ×D× I → R and qN,T : RN ×D× I → R

qN(w;µ, t) ≡ qh(V
pr
N w;µ, t),

qN,T (w;µ, T ) ≡ qh,T (V pr
N w;µ, T ).

and we evaluate the output

sN(µ) ≡
∫
I

qN(uN(µ, t);µ, t)dt+ qN,T (uN(µ, T );µ, T ),

or equivalently sN(µ) = J(uN ;µ).

We introduce the residual EQP weights {ρrκ ∈ R≥0}M
h

κ=1 and the EQP forms r̃(r)
h :

Vh × Vh ×D × I → Vh and m̃(r)
h : Vh × Vh such that

r̃
(r)
h (w, v;µ, t) ≡

Mh∑
κ=1

ρrκrκ(w, v;µ, t), (4.23)

m̃
(r)
h (w, v) ≡

Mh∑
κ=1

ρrκmκ(w, v), (4.24)

which allow us to introduce the RB-EQP residual r̃pr
N : RN × D × I → RN and mass

matrix M̃pr
N ∈ RN×N such that

r̃pr
N (w;µ, t) ≡ r̃

(r)
h (V pr

N w, φpr
i ;µ, t), i = 1, 2, . . . , N

(M̃pr
N )ij ≡ m̃

(r)
h (φpr

j , φ
pr
i ), i, j = 1, 2, . . . , N.

We state the primal RB-EQP problem, discretized using the backward Euler time-
marching method: given µ ∈ D find ũN,k(µ) ∈ Vpr

N such that

M̃pr
N (ũN,k(µ)− ũN,k−1(µ)) + (tk − tk−1)r̃pr

N (ũN,k(µ);µ, tk) = 0, k = 1, 2, . . . , K. (4.25)

We introduce the output functional EQP weights {ρqκ ∈ R≥0}M
h

κ=1 and introduce the EQP
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output forms q̃(q)
h (w, v;µ, t) ≡

∑Mh

κ=1 ρ
q
κq(w, v;µ, t) and q̃(q)

h,T (w, v;µ, T ) ≡
∑Mh

κ=1 ρ
q
κqT (w, v;µ, T ).

This allows us to write the RB-EQP output functionals q̃N(w;µ, t) ≡ q̃
(q)
h (V pr

N w;µ, t) and
q̃N,T (w;µ, T ) ≡ q̃

(q)
h,T (V pr

N w;µ, T ) and we evaluate the output

s̃N(µ) ≡
∫
I

q̃N(ũN(µ, t);µ, t)dt+ q̃N,T (ũN(µ, T );µ, T ),

or equivalently s̃N(µ) = J̃(ũN ;µ).
We wish to control the output error and we use the triangle inequality to write

|sN(µ)− s̃N(µ)| = |J(uN ;µ)− J̃(ũN ;µ)| ≤ |J(uN ;µ)− J(ũN ;µ)|︸ ︷︷ ︸
source (i)

+ |J(ũN ;µ)− J̃(ũN ;µ)|︸ ︷︷ ︸
source (ii)

.

(4.26)
We see that we have two sources of error: (i) the approximation of uN by ũN , and (ii) the
approximation of J(·.·) by J̃(·, ·). We will develop constraints to control these error
sources using the DWR method for time-dependent problems presented in chapter 4.2.

4.4.2 EQP for Primal RB-EQP Problem

First we will control the error due to source (i) of (4.26). The solution uN,k is the root
of the discrete-in-time residual (2.16) at time-step k, so error source (i) arises from the
error in the approximation of the primal space-time residual operator A(·; ·). We will
control this error using the DWR method, approximated in the primal RB space. To
further simplify the notation, we introduce the continuous-in-time residuals r̄pr

N (w;µ, t) ≡
Mpr

N
dw
dt

+rpr
N (w;µ, t) and ˜̄rpr

N (w;µ, t) ≡ M̃pr
N
dw
dt

+r̃pr
N (w;µ, t). We also note that Ã(·; ·) is the

EQP approximation of operator A(·; ·), while J̃(·; ·) denotes the EQP approximation of
operator J(·; ·). Moreover, DÃ(·; ·) denotes the EQP approximation to operator DA(·; ·),
while DJ̃(·; ·) denotes the EQP approximation to operator DJ(·; ·). We now introduce a
proposition to control the output error due to source (i) of (4.26).

Proposition 15. (Output error due to the EQP approximation of A(·, ·)). Suppose

|
∫
I

zprT
N (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt| ≤ δr (4.27)

‖Bpr
N ‖ ≤ δJ , (4.28)

where ûN is a surrogate state that may differ from both uN and ũN , and where

Bpr
N ≡ I −DA(ûN)DÃ(ûN)−1, (4.29)
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with ‖Bpr
N ‖ ≡ supw∈V ′N

supv∈VN

〈Bpr
N w,v〉
〈w,v〉 . Then

|J(uN)− J(ũN)| ≤ δr +O(δ2
r) +O(δ2

J) +O(δ̂2),

where δ̂ ≡ ‖uN − ûN ||V = (
∫
I
‖uN − ûN ||2dt)2.

Proof. We recall the DWR error estimate (4.11). We make the substitution u = uN ,
un = ũN , and z = zpr

N , so that we treat uN , zpr
N ∈ V pr

N as our true solutions, while we
treat ũN ∈ V pr

N as our approximate solution. We write

J(uN)− J(ũN) = −〈A(ũN), zpr
N 〉+O(δ̃2) = −〈A(ũN), zpr

N 〉+ 〈A(uN), zpr
N 〉︸ ︷︷ ︸

=0

+O(δ̃2),

and use Taylor series expansions to write

J(uN)− J(ũN) =− 〈A(ûN), zpr
N 〉 − 〈DA(ûN)(ũN − ûN), zpr

N 〉+O(‖ũN − ûN‖2
V )

+ 〈A(ûN), zpr
N 〉+ 〈DA(ûN)(uN − ûN), zpr

N 〉+O(‖uN − ûN‖2
V ),

=〈DA(ûN)(uN − ûN), zpr
N 〉 − 〈DA(ûN), (ũN − ûN), zpr

N 〉

+O(‖ũN − ûN‖2
V ) +O(‖uN − ûN‖2

V )

=〈DA(ûN)(δũN), zpr
N 〉+O(δ̃2) +O(δ̂2),

(4.30)

where O(‖ũN − ûN‖2
V ) ≤ O(δ̃2) + O(δ̂2) results from the triangle inequality (note that

we define δũ ≡ uN − ũN and δ̃ ≡ ‖uN − ũN‖V = (
∫
I
‖uN − ũN ||2dt)2). We note that

δũN depends on the EQP rule that we find following the LP procedure, so we cannot use
δũN to construct the LP constraints because this would give a recursive LP procedure.
Therefore we seek an expression for δũN that does not depend on the EQP rule.

We use two more Taylor series expansions to write

〈A(ûN), v〉 − 〈Ã(ûN), v〉 = −〈DÃ(ûN)(δũN), v〉

+ 〈DÃ(ûN)(δûN), v〉 − 〈DA(ûN)(δûN), v〉+O(δ̂2) +O(δ̃2) ∀v ∈ V pr
N ,

where δûN ≡ uN − ûN . We rearrange to write

〈DÃ(ûN)(δũN), v〉 = −(〈A(ûN), v〉 − 〈Ã(ûN), v〉)

+ 〈DÃ(ûN)(δûN), v〉 − 〈DA(ûN)(δûN), v〉+O(δ̂2) +O(δ̃2) ∀v ∈ V pr
N . (4.31)
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We apply the operator DA(ûN)DÃ(ûN) to (4.31) to get

DA(ûN)δũN =−DA(ûN)DÃ(ûN)−1(A(ûN)− Ã(ûN))

+DA(ûN)(δû−DÃ(ûN)−1DA(ûN)(δûN)) +O(δ̂2) +O(δ̃2),

=−DA(ûN)DÃ(ûN)−1(A(ûN)− Ã(ûN))

+ (I −DA(ûN)DÃ(ûN)−1)DA(ûN)(δûN) +O(δ̂2) +O(δ̃2),

=− (I − (I −DA(ûN)DÃ(ûN)−1))(A(ûN)− Ã(ûN))

+ (I −DA(ûN)DÃ(ûN)−1)DA(ûN)(δûN) +O(δ̂2) +O(δ̃2),

=− (I −Bpr
N )(A(ûN)− Ã(ûN)) + (Bpr

N )(DA(ûN)(δûN))

+O(δ̂2) +O(δ̃2).

(4.32)

using the operator Bpr
N defined in (4.29). We combine (4.30) and (4.32) to write

|J(uN)− J(ũN)| =| − 〈(I −Bpr
N )(A(ûN)− Ã(ûN)), zpr

N 〉

+ 〈(Bpr
N )(DA(ûN)(δûN)), zpr

N 〉+O(δũ2
N) +O(δû2

N)|,

≤|〈A(ûN)− ÃN(ûN), zpr
N 〉|+ |〈(B

pr
N )(A(ûN)− Ã(ûN)), zpr

N 〉|+

|〈(Bpr
N )(DA(ûN)(δûN)), zpr

N 〉|+ (δũ2
N) +O(δû2

N),

or

|J(uN)− J(ũN)| ≤ |〈A(ûN), zpr
N 〉 − 〈Ã(ûN), zpr

N 〉|

+ |〈(Bpr
N )(A(ûN)), zpr

N 〉 − 〈(B
pr
N )(Ã(ûN)), zpr

N 〉|

+ |〈(Bpr
N )(DA(ûN)(δûN)), zpr

N 〉|+ (δũ2
N) +O(δû2

N). (4.33)

We see that in (4.33), |J(uN) − J(ũN)| is bounded by the sum of three terms. We
apply constraint (4.27) to the first term

(I) = |〈A(ûN), zpr
N 〉 − 〈Ã(ûN), zpr

N 〉| = |
∫
I

zprT
N (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt| ≤ δr. (4.34)

We rewrite the second term of (4.33)

(II) = |〈(Bpr
N )(A(ûN)), zpr

N 〉 − 〈(B
pr
N )(Ã(ûN)), zpr

N 〉| ≤ ‖B
pr
N ‖|〈A(ûN), zpr

N 〉 − 〈Ã(ûN), zpr
N 〉|.

We use constraint (4.28) and equation (4.34) to bound the second term

(II) ≤ ‖Bpr
N ‖|〈A(ûN), zpr

N 〉 − 〈Ã(ûN , z
pr
N 〉| ≤ δrδJ . (4.35)
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We rewrite the third term of (4.33)

(III) = |〈(Bpr
N )(DA(ûN)(δûN)), zpr

N 〉| ≤ ‖B
pr
N ‖‖DA(ûN)(δû)‖(δû, zpr

N )V ,

where we define the norm of DA(ûN) : VN → V ′N as

‖DApr
N‖ ≡ sup

w∈VN

sup
v∈VN

〈DAw, v〉
(w, v)V

.

We use the Cauchy-Schwarz inequality to write (δû, zpr
N )V ≤ ‖δû‖V ‖zpr

N ‖V = δ̂‖zpr
N ‖V ,

which we combine with constraint (4.28) to write

(III) ≤ ‖Bpr
N ‖‖DA(ûN)(δû)‖(δû, zpr

N )V ≤ ‖DA(ûN)(δû)‖‖zpr
N ‖V δJ δ̂. (4.36)

We substitute (4.34), (4.35), and (4.36) into (4.33) to get

|J(uN)− J(ũN)| ≤(I)+ ≤ (II) + (III) ≤ δr + δrδJ + ‖DA(ûN)(δû)‖‖zpr
N ‖V δJ δ̂

≤δr +O(δ2
r) +O(δ2

J) +O(δ̂2),

where the second inequality follows from Young’s inequality, resulting in the desired
inequality.

We now seek to make our constraints more conservative. We know that r̃pr
N , z

pr
N ∈ RN

so we can enforce N constraints (one for each entry of r̃pr
N ◦ z

pr
N ). We write

|
∫
I

zprT
N (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt| ≤ N‖

∫
I

zpr
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt‖∞,

where the inequality follows from |aTb| ≤ N‖a ◦ b‖∞. Next we split the time-domain
I into KLP sub-intervals so that {ILP

k = (tLP
k−1, t

LP
k ]}KLP

k=1 , where t
LP
0 = t0 and tLP

KLP
= T .

We further note that ∆tk = tLP
k − tLP

k−1. From the triangle inequality we know that
|
∫
I
f(t)dt| ≤

∑KLP

k=1 |
∫
ILP
k
f(t)dt|. We introduce a more conservative version of (4.27)

‖
∫
Ik

zpr
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt‖∞ ≤

δr
N
× ∆tk

T
k = 1, 2, . . . , KLP. (4.37)
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We know that

|
∫
I

zprT
N (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt| ≤ N‖

∫
I

zpr
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt‖∞

≤ N

KLP∑
k=1

‖
∫
Ik

zpr
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt‖∞ = δr

KLP∑
k=1

∆tk
T

= δr,

where the first inequality follows from aTb ≤ ‖a◦b‖∞ for a,b ∈ RN , the second inequality
follows from the triangle inequality, and the equalities yield from constraint (4.37). We
now define the LP procedure LPr to control the output error due to the approximation
of A(·, ·) by Ã(·, ·).

Definition 16. (LPr) The LP procedure LPr identifies EQP weights {ρrκ ∈ R≥0}M
h

κ=1 and
controls the output error due to the approximation of A(·, ·) by Ã(·, ·). We introduce
the surrogate primal solution snapshots UNtrain

≡ {ûN,k(µ)}µ∈ΞNtrain
,0≤k≤K and we define

the LP procedure LPr(ΞNtrain
, UNtrain

, δr). We replace the generic manifold accuracy con-
straints in Definition 1 from section 3.1 with the LP-admissible version of (4.37), which
we write as

‖
∫
Ik

[zpr
N (µ, t)◦ (r̄pr

N (ûN(µ, t);µ, t)−
Mh∑
κ=1

ρrκr̄
pr
N,κ(ûN(µ, t);µ, t))]dt‖∞ ≤

2δr
3N
× ∆tk

T
, (4.38)

for k = 1, 2, . . . , KLP and µ ∈ ΞNtrain
. These constraints directly control the error in the

approximation of A(·, ·), which indirectly controls the error in the approximation of uN .

Remark. (constraint (4.28) for Bpr
N ) As in [48] (see section 3.3), we choose not to enforce

the constraint (4.28) associated with Bpr
N . We do not have an algebraic expression for

Bpr
N so the constraint (4.28) is itself quite abstract. We hope that by controlling the error

in the space-time operator A(·, ·), we will indirectly control the error in DA(·, ·), and
thus the operator Bpr

N . Moreover, the error associated with DA(·, ·) is second-order, as
opposed to the first-order error associated with A(·, ·).

Remark. (modified adjoint) The steady goal-oriented EQP framework presented in [48]
makes use of a modified adjoint (equation 3.7 in section 3.3). The modified adjoint is
not necessary for the time-dependent problems that we have considered, nor is it LP
admissible. We briefly explain why the modified adjoint is not LP admissible. First we
introduce the modified adjoint for time-dependent problems

zpr,w
N (µ, t) = max{|zpr

N (µ, t)|, zpr,min
k (µ)} ∀t ∈ Ik, k = 1, 2, . . . , KLP,
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where zpr,min
k (µ) ≡ maxt∈Ik{N1/2

√
δr‖zpr

N (µ, t)‖2} for k = 1, 2, . . . , KLP. We know that

‖
∫
Ik

zpr
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))dt‖∞ ≤

∫
Ik

‖zpr
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))‖∞dt

≤
∫
Ik

‖zpr,w
N ◦ (r̄pr

N (ûN)− ˜̄rpr
N (ûN))‖∞dt,

where the second inequality follows from the definition of zpr,w
N . Integrals of the form∫

Ik
‖wN ◦ (fN(t)− f̃N(t))‖∞dt are not LP admissible because they are not linear in their

quadrature weights (the value of f̃N(t) depends on the quadrature weights and affects the
sign of wN ◦ (fN(t)− f̃N(t)). However, we note that ‖

∫
Ik
wN ◦ (fN(t)− f̃N(t))dt‖∞ is LP

admissible because the l∞ norm is applied following integration.

4.4.3 EQP for Output

We now wish to control error source (ii) of (4.26), which corresponds to the error in the
approximation of J(ũN ;µ) by J̃(ũN ;µ). We wish to achieve

|
∫
I

[qN(ũN(µ, t);µ, t)− q̃N(ũN(µ, t);µ, t)]dt

+ [qN,T (ũN(µ, T );µ, T )− q̃N,T (ũN(µ, T );µ, T )]| ≤ δq,

so we introduce constraints in the LP procedure LPq to control the error in the evaluation
of the output functional

Definition 17. (LPq) The LP procedure LPq identifies EQP weights {ρqκ ∈ R≥0}M
h

κ=1

and controls the error in the evaluation of the output functional. We introduce the
primal solution snapshots ŨNtrain

≡ {ũN,k(µ)}µ∈ΞNtrain
,0≤k≤K and we define the LP pro-

cedure LPq(ΞNtrain
, ŨNtrain

, δq). We replace the generic manifold accuracy constraints in
Definition 1 from section 3.1 with the LP-admissible constraints

|
∫
Ik

(
qN(ũN(µ, t);µ, t)−

Mh∑
κ=1

ρqκqN,κ(ũN(µ, t);µ, t)
)
dt| ≤δq

2
× ∆tk

T
, k = 1, 2, . . . , KLP,

(4.39)

|qN,T (ũN(µ, T );µ, T )−
Mh∑
κ=1

ρqκqN,T,κ(ũN(µ, T );µ, T )| ≤δq
2
, (4.40)

for µ ∈ ΞNtrain
. It is immediately clear that these constraints control the error in the

evaluation of the functional evaluation. We have also followed the same steps as in
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section 4.4.2 to make our constraints more conservative.

4.5 A Posteriori Error Estimation: DWR EQP

Next we wish to develop an online-efficient error estimate, based on the DWR method,
to estimate the error between J̃(ũN ;µ) and J(uh;µ). We estimate this error by solving
the dual FE problem and evaluating the DWR error estimate

|s̃N(µ)− sh(µ)| ≈ |ηh(µ)| ≡ | −
∫
I

r̄(ũN , zh;µ, t)dt|, (4.41)

for ũN ∈ V pr
N and zh ∈ Vh. We take the dual FE snapshots {zh,k(µ) ∈ Vh}µ∈ΞNtrain

,1≤k≤K

and compress them into the V-orthonormal basis {φdu
i }i of Vdu

N . Then we introduce the
dual RB Bochner space V du

N = C0([0, T ];Vdu
N ) ∩ L2(I;Vdu

N ). We wish to solve the DWR
problem projected onto the dual RB space. We introduce the Jacobian Jdu

N : RN×D×I →
RN×N

Jdu
N (w;µ, t)ij ≡ r′h(V

pr
N w;φdu

j , φ
du
i ;µ, t), i, j = 1, 2, . . . , N,

and the output gradients gdu
N : RN ×D × I → RN and gdu

N,T : RN ×D × I → RN

gdu
N (w;µ, t)i ≡ q′h(V

pr
N w;φdu

i ;µ, t), i = 1, 2, . . . , N,

gdu
N,T (w;µ, t)i ≡ q′h,T (V pr

N w;φdu
i ;µ, t), i = 1, 2, . . . , N,

as well as the mass matrix Mdu
N ∈ RN

(Mdu
N )ij ≡ mh(φ

du
j , φ

du
i ) i, j = 1, 2, . . . , N,

We state the dual RB problem, discretized in time with the backward Euler time-
marching method: given µ ∈ D and ũN,k ∈ RN , find zdu

N,k(µ) ∈ RN such that

Mdu
N zdu

N,K + gdu
N,T (ũN,K ;µ, tK) = 0,

and

Mdu
N (zdu

N,k − zdu
N,k+1) + (tk+1 − tk)Jdu

N (ũN,k;µ, tk)
Tzdu

N,k+

(tk+1 − tk)gdu
N (ũN,k;µ, tk)) = 0, k = K − 1, K − 2, . . . , 0.
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We introduce the primal residual projected onto the dual space rdu
N : RN ×D × I → RN

rdu
N (w;µ, t)i ≡ rh(V

pr
N w;φdu

i ;µ, t), i = 1, 2, . . . , N,

and the primal mass matrix projected onto the dual space Mdu,pr
N ∈ RN×N

(Mdu,pr
N )ij ≡ mh(φ

pr
j , φ

du
i ) i, j = 1, 2, . . . , N.

We evaluate the RB DWR error estimate:

|s̃N(µ)− sh(µ)| ≈ ηN(µ) ≡ | −
∫
I

zduT
N (Mdu,pr

N

dũN
dt

+ rdu
N (ũN ;µ, t)dt|. (4.42)

We will now introduce the dual RB-EQP problem. First we introduce the EQP
weights to solve the dual problem {ρη,1κ ∈ R≥0}M

h

κ=1. Then we introduce the residual and
bilinear forms r̃(η,1)

h : Vh × Vh ×D × I and m̃(η,1)
h (w, v) : Vh × Vh such that

r̃
(η,1)
h (w, v;µ, t) ≡

Mh∑
κ=1

ρη,1κ rκ(w, v;µ, t),

m̃
(η,1)
h (w, v) ≡

Mh∑
κ=1

ρη,1κ mκ(w, v),

and the output forms q̃(η,1)
h : Vh ×D × I and q̃(η,1)

h,T : Vh ×D × I such that

q̃
(η,1)
h (w;µ, t) ≡

Mh∑
κ=1

ρη,1κ qκ(w;µ, t),

q̃
(η,1)
h,T (w;µ, T ) ≡

Mh∑
κ=1

ρη,1κ qT,κ(w;µ, T ).

We use these forms to introduce the dual RB-EQP Jacobian J̃du
N : RN ×D × I → RN×N

and the mass matrix M̃du
N ∈ RN×N , as well as the dual RB-EQP output gradients g̃du

N :

RN ×D × I → RN , and g̃du
N,T : RN ×D × I → RN :

J̃du
N (w;µ, t)ij ≡ r̃

(η,1)
h

′(V pr
N w;φdu

j , φ
du
i ;µ, t), i, j = 1, 2, . . . , N,

(M̃du
N )ij ≡ m̃

(η,1)
h (φdu

j , φ
du
i ) i, j = 1, 2, . . . , N,

g̃du
N (w;µ, t)i ≡ q̃

(η,1)
h

′(V pr
N w;φdu

i ;µ, t), i = 1, 2, . . . , N,

g̃du
N,T (w;µ, t)i ≡ q̃

(η,1)
h,T

′(V pr
N w;φdu

i ;µ, t), i = 1, 2, . . . , N.
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We state the dual RB-EQP problem, discretized in time with the backward Euler time-
marching method: given µ ∈ D and ũN,k ∈ RN , find z̃du

N,k(µ) ∈ RN such that

M̃du
N z̃du

N,K + g̃du
N,T (ũN,K ;µ, tK) = 0

and

M̃du
N (z̃du

N,k − z̃du
N,k+1) + (tk+1 − tk)J̃du

N (ũN,k;µ, tk)
T z̃du

N,k+

(tk+1 − tk)g̃du
N (ũN,k;µ, tk)) = 0, k = K − 1, K − 2, . . . , 0.

We introduce EQP weights to evaluate the DWR error estimate {ρη,2κ ∈ R≥0}M
h

κ=1.
Then we introduce the residual and bilinear forms r̃(η,2)

h : Vh×Vh×D×I and m̃(η,2)
h (w, v) :

Vh × Vh such that

r̃
(η,2)
h (w, v;µ, t) ≡

Mh∑
κ=1

ρη,2κ rκ(w, v;µ, t),

m̃
(η,2)
h (w, v) ≡

Mh∑
κ=1

ρη,2κ mκ(w, v).

We use these form to introduce the RB-EQP residual r̃du
N : RN × D × I → RN and the

mass matrix M̃du,pr
N ∈ RN×N

r̃du
N (w;µ, t) ≡ r̃

(η,2)
h (V pr

N w;µ, t), i = 1, 2, . . . , N,

(M̃du,pr
N )ij ≡ m̃

(η,2)
h (φpr

j , φ
du
i ), i, j = 1, 2, . . . , N.

We evaluate the RB-EQP DWR error estimate:

|s̃N(µ)− sh(µ)| ≈ η̃N(µ) ≡ | −
∫
I

z̃duT
N (M̃du,pr

N

dũN
dt

+ r̃du
N (ũN ;µ, t)dt|. (4.43)

We can fully decouple the cost of solving the dual problem and evaluating the DWR
error estimate from Nh by introducing two additional EQP rules: (i) a rule to solve the
dual problem ({ρη,1κ ∈ R≥0}M

h

κ=1), and (ii) a rule to evaluate the DWR error estimate
({ρη,2κ ∈ R≥0}M

h

κ=1). We wish to control the error |η̃N(µ)− ηN(µ)|, so we take the general
form of the DWR error estimate (4.11) and we replace un with ũN ∈ V pr

N , z with zdu
N , z̃

du
N ∈

V du
N , and A(·, ·) with Ã(·, ·) to write

ηN(µ)− η̃N(µ) = −(〈A(ũN), zdu
N 〉 − 〈Ã(ũN), z̃du

N 〉) = −〈A(ũN), zdu
N 〉+ 〈Ã(ũN), z̃du

N 〉.
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We decompose the above expression and use the triangle inequality to write

|ηN(µ)− η̃N(µ)| = | 〈A(ũN), zdu
N − z̃du

N 〉︸ ︷︷ ︸
source (i)

|+ | 〈A(ũN)− Ã(ũN), zdu
N 〉︸ ︷︷ ︸

source (ii)

|

+ | 〈A(ũN)− Ã(ũN), zdu
N − z̃du

N 〉︸ ︷︷ ︸
source (iii)

|. (4.44)

We have three sources of error: (i) the error in the approximation of the adjoint solution
zdu
N ∈ V du

N , (ii) the error in the approximation of the space-time operator A(·, ·), and
(iii) the product of these two errors. We will introduce LP-admissible constraints to
directly control the error sources (i) and (ii). We hope that by directly controlling error
sources (i) and (ii), we will indirectly control error source (iii).

4.5.1 Error in the Dual Solution

We will use the dual-of-the-dual approach (section 4.3) to control error source (i) of (4.44).
We recall that the tangent equation arises from applying the DWR method to the dual
problem. We substitute the RB forms into the tangent equation (4.12) and we state
the RB tangent problem, discretized in time using the backward Euler time-marching
method: given µ ∈ D, ũN,k ∈ RN , find ψdu

N,k ∈ RN such that ψdu
N,k=0 = 0 and

Mdu
N (ψdu

N,k −ψdu
N,k−1) + (tk − tk−1)Jdu

N (ũN,k;µ, tk)ψ
du
N,k =

Mdu,pr
N (ũN,k − ũN,k−1) + (tk − tk−1)rdu

N (ũN,k;µ, tk), k = 1, 2, . . . , K, (4.45)

We substitute RB forms into the equation (4.13) to estimate the error in the the DWR
error estimate

|ηN(µ)− ηh(µ)| ≈ −
∫
I

ψduT
N (−Mdu

N

dz̃du
N

dt
+ Jdu

N (ũN ;µ, t)T z̃du
N + gdu

N (ũN ;µ, t)dt

−ψduT
N (Mdu

N z̃du
N + gdu

N,T (ũN ;µ, t), (4.46)

Throughout the rest of this section we drop ũN . We re-state the RB-EQP dual
relationship in operator form:

〈DÃv, z̃du
N 〉+ 〈DJ̃, v〉 = 0 ∀v ∈ V du

N ,

or
〈v,DÃ∗z̃du

N 〉+ 〈DJ̃, v〉 = 0 ∀v ∈ V du
N ,
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where DÃ∗ : V du
N → V ′du

N is the adjoint operator of DÃ such that

〈DÃv, w〉 = 〈v,DÃ∗w〉 ∀v, w ∈ V du
N (4.47)

We introduce the continuous-in-time Jacobians J̄du
N (w;µ, t) ≡Mdu

N
dw
dt

+ Jdu
N (w;µ, t) and

˜̄Jdu
N (w;µ, t) ≡ M̃du

N
dw
dt

+ J̃du
N (w;µ, t), so that we can write

〈ψdu
N , DÃ

∗zdu
N 〉+ 〈DJ̃, ψdu

N 〉 =

∫
I

ψduT
N (˜̄Jdu

N (ũN)Tzdu
N + g̃du

N (ũN))dt

+ [ψduT
N (M̃du

N zdu
N + g̃du

N,T (ũN))]t=T . (4.48)

We introduce a proposition to show that we can control error source (i) of (4.44) by
controlling (4.48).

Proposition 18. (error control for dual solution, 〈A(ũN), zdu
N − z̃du

N 〉). Suppose

|
∫
I

ψduT
N (J̄du

N (ũN)Tzdu
N − ˜̄Jdu

N (ũN)Tzdu
N + gdu

N (ũN)− g̃du
N (ũN))dt| ≤δη1

4
, (4.49)

|[ψduT
N (Mdu

N zdu
N − M̃du

N zdu
N + gdu

N,T (ũN)− g̃du
N,T (ũN))]t=T | ≤

δη1
4
, (4.50)

‖Bdu
N ‖ ≤δJ , (4.51)

where we have defined
Bdu
N ≡ I −DA∗(DÃ∗)−1, (4.52)

and ‖Bdu
N ‖ ≡ supw∈V ′duN

supv∈V du
N

〈Bdu
N w,v〉
〈w,v〉 . Then

|〈A(ũN), zdu
N − z̃du

N 〉| ≤δη1 +O(δ2
η1

) +O(δ2
J), (4.53)

Proof. We use the RB-EQP adjoint relationship to solve for z̃du
N = −(DÃ∗)−1DJ̃ , then

for zdu
N , z̃

du
N ∈ V du

N we write

zdu
N − z̃du

N =zdu
N + (DÃ∗)−1DJ̃ = (DÃ∗)−1(DÃ∗zdu

N +DJ̃),

=(DA∗)−1DA∗(DÃ∗)−1(DÃ∗zdu
N +DJ̃),

=(DA∗)−1(I − (I −DA∗(DÃ∗)−1))(DÃ∗zdu
N +DJ̃),

=(DA∗)−1(I −Bdu
N )(DÃ∗zdu

N +DJ̃).

(4.54)
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using (4.52). We use the duality pairing to write

〈A, zdu
N − z̃du

N 〉 = 〈A, (DA∗)−1(I −Bdu
N )(DÃ∗zdu

N +DJ̃)〉,

= 〈(I −Bdu
N )(DÃ∗zdu

N +DJ̃), DA−1A〉,

where the second equality results from the definition of the dual operator in (4.47). We
recall the tangent relationship 〈DAψdu

N , v〉 − 〈A, v〉 = 0 ∀v ∈ V du
N and we note that the

operation DA−1A solves for ψdu
N ∈ V du

N . This allows us to write

〈A, zdu
N − z̃du

N 〉 = 〈(I −Bdu
N )(DÃ∗zdu

N +DJ̃), ψdu
N 〉. (4.55)

We use the triangle inequality and the definition of ‖Bdu
N ‖ to write

|〈A(ũN), zdu
N − z̃du

N 〉| ≤ (1 + ‖Bdu
N ‖)|〈DÃ∗zdu

N +DJ̃, ψdu
N 〉|. (4.56)

We apply constraints (4.49) and (4.50) to |〈DÃ∗zdu
N +DJ̃, ψdu

N 〉|

|〈DÃ∗zdu
N +DJ̃, ψdu

N 〉| = |〈DA∗zdu
N +DJ, ψdu

N 〉︸ ︷︷ ︸
=0

+〈DÃ∗zdu
N +DJ̃, ψdu

N 〉|

≤ |
∫
I

ψduT
N (J̄du

N (ũN)Tzdu
N + gdu

N (ũN))dt|+ |ψduT
N (Mdu

N zdu
N ) + gdu

N,T (ũN)|t=T

≤ δη1
4

+
δη1
4

=
δη1
2
, (4.57)

where the first inequality follows from the triangle inequality, while the second inequality
follows from the constraints we have imposed. We combine the constraint (4.51) with
equation (4.57) to bound (4.56) and prove (4.53)

(1 + ‖Bdu
N ‖)〈DÃ∗zdu

N +DJ̃, ψdu
N 〉| ≤ (1 + δJ)

δη1
2
≤ δη1 +O(δ2

η1
) +O(δ2

J), (4.58)

where the final inequality follows from Young’s inequality.

We follow the same procedures as in section 4.4 to make constraints (4.49) and (4.50)
more conservative by (i) enforcing a set of N constraints using the Hadamard product,
(ii) splitting I into sub-intervals {ILP

k }
KLP
k=1 , and (iii) splitting the constraints into con-

straints associated with the gradient of the residual and constraints associated with the
gradient of the output (i.e., so that we have separate constraints for the residual gradient
and the output gradient). With this in mind we define the LP procedure LPη,1, which
controls the error 〈A(ũN , zN − z̃N〉.



Chapter 4. EQP for Time-Dependent PDEs 56

Definition 19. (LPη,1) The LP procedure LPη,1 identifies EQP weights {ρη,1κ ∈ R≥0}M
h

κ=1

and controls the error in the DWR error estimate due to the error 〈A(ũN), zN−z̃N〉, which
is associated with error source (i) of (4.44). We introduce the primal, dual, and tangent
solution snapshots ŨNtrain

≡ {ũN,k(µ)}µ∈ΞNtrain
,0≤k≤K , ZNtrain

≡ {zN,k(µ)}µ∈ΞNtrain
, 0 ≤

k ≤ K, and ΨNtrain
≡ {ψN,k(µ)}µ∈ΞNtrain

, 0 ≤ k ≤ K, as well as the LP procedure
LPη,1(ΞNtrain

, ŨNtrain
, ZNtrain

,ΨNtrain
, δη1). We replace the generic manifold accuracy con-

straints in Definition 1 from section 3.1 with the more conservative and LP-admissible
versions of (4.49) and (4.50). We introduce the constraints associated with the gradient
of the residual:

‖
∫
Ik

[ψdu,w
N (µ, t) ◦ (J̄du

N (ũN(µ, t);µ, t)Tzdu
N (µ, t)

−
Mh∑
κ=1

ρη,1κ J̄du
N,κ(ũN(µ, t);µ, t)Tzdu

N (µ, t))]dt‖∞ ≤
δη1
8N
× ∆tk

T
k = 1, 2, . . . , KLP, (4.59)

and

‖ψdu,w
N (µ, T ) ◦ (Mdu

N zdu
N (µ, T )−

Mh∑
κ=1

ρη,1κ Mdu
N,κz

du
N (µ, T ))‖∞ ≤

δη1
8N

. (4.60)

We also introduce the constraints associated with the gradient of the output:

‖
∫
Ik

ψdu,w
N (µ, t) ◦ (gdu

N (ũN(µ, t);µ, t)−
Mh∑
κ=1

ρη,1κ gdu
N,κ(ũN(µ, t);µ, t))‖∞dt

≤ δη1
8N
× ∆tk

T
k = 1, 2, . . . , KLP, (4.61)

and

‖ψdu,w
N (µ, T ) ◦ (gdu

N,T (ũN(µ, T );µ, T )−
Mh∑
κ=1

ρη,1κ gdu
N,T,κ(ũN(µ, T );µ, T ))‖∞ ≤

δη1
8N

. (4.62)

We enforce all constraints for µ ∈ ΞNtrain
.

Remark. We do not enforce constraint (4.51) associated with Bdu
N for the same reasons

as explained previously in section 4.4.2 (i.e., its associated error is second-order and we
do not have an algebraic expression for Bdu

N ).
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4.5.2 Error in the Space-Time Residual Functional

Error source (ii) of (4.44) corresponds to the error in the approximation of the space-
time functional. To simplify the notation, we introduce the continuous-in-time residuals
r̄du
N (w;µ, t) ≡ Mdu,pr

N
dw
dt

+ rdu
N (w;µ, t) and ˜̄rdu

N (w;µ, t) ≡ M̃du,pr
N

dw
dt

+ r̃du
N (w;µ, t). Then

we write the error in the space-time residual functional

−〈A(ũN)− Ã(ũN), zdu
N 〉 = −

∫
I

zduT
N (r̄du

N (ũN)− ˜̄rdu
N (ũN))dt.

We now introduce a proposition to control error source (ii) of (4.44).

Proposition 20. (error control for dual residual 〈A(ũN)− Ã(ũN), zdu
N 〉). Suppose

|
∫
I

zduT
N (r̄du

N (ũN)− ˜̄rdu
N (ũN))dt| ≤ δη2

2
, (4.63)

then for ũN ∈ V pr
N and zdu

N ∈ V du
N we have

|〈A(ũN)− Ã(ũN), zdu
N 〉| ≤

δη2
2
. (4.64)

Proof. The inequality (4.64) follows from constraint (4.63)

|〈A(ũN)− Ã(ũN), zN〉| = |
∫
I

zduT
N (r̄du

N (ũN)− ˜̄rdu
N (ũN))dt| ≤ δη2

2
,

which is the desired result.

We follow the same procedures as in section 4.4 to make constraint (4.63) more
conservative by using the Hadamard product to turn it into N constraints, which we
enforce over KLP time-intervals {ILP

k }
KLP
k=1 . We introduce the LP procedure LPη,2 to

control the error 〈A(ũN)− Ã(ũN), zdu
N 〉.

Definition 21. (LPη,2) The LP procedure LPη,2 identifies EQP weights {ρη,2κ ∈ R≥0}M
h

κ=1

and controls the error in the DWR error estimate due to the error 〈A(ũN)− Ã(ũN), zdu
N 〉,

which is associated with error source (ii) of (4.44). We introduce the primal and dual so-
lution snapshots ŨNtrain

≡ {ũN,k(µ)}µ∈ΞNtrain
,0≤k≤K and ZNtrain

≡ {zdu
N,k(µ)}µ∈ΞNtrain

,0≤k≤K ,
as well as the LP procedure LPη,2(ΞNtrain

, ŨNtrain
, ZNtrain

, δη2). We replace the generic man-
ifold accuracy constraints in Definition 1 from section 3.1 with the more conservative and
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LP-admissible version of (4.63), which we write as

‖
∫
Ik

[zdu,w
N (µ, t) ◦ (r̄du

N (ũN(µ, t);µ, t)−
Mh∑
κ=1

ρη,2κ r̄du
N,κ(ũN(µ, t);µ, t)]dt‖∞ ≤

δη2
2N
× ∆tk

T
,

(4.65)
for k = 1, 2, . . . , KLP and µ ∈ ΞNtrain

.

4.5.3 Product of DWR Error Sources

In proposition 18 we introduce constraints to control error source (i) of (4.44) (|〈A(ũN), zdu
N −

z̃du
N 〉|), while in definition 19 we introduce the LP procedure LPη,1 to find EQP weights
{ρη,1κ ∈ R≥0}M

h

κ=1 to directly control this error. In proposition 20 we introduce constraints
to control error source (ii) of (4.44) (|〈A(ũN) − Ã(ũN), zdu

N 〉|), while in definition 21 we
introduce the LP procedure LPη,2 to find EQP weights {ρη,2κ ∈ R≥0}M

h

κ=1 to directly control
this error. We do not directly the errors ‖zdu

N − z̃du
N ‖V and ‖A(ũN) − Ã(ũN)‖V , whose

product corresponds to error source (iii) of (4.44) (|〈A(ũN − Ã(ũN), zdu
N − z̃du

N |).
The steady goal-oriented EQP framework presented in [48] controls the errors in

‖zdu
N − z̃du

N ‖2 (see inequality (3.17) in proposition 8 from section 3.4) and ‖rdu
N (ũN) −

r̃du
N (ũN)‖2 (see inequality (3.20) in proposition 9 from section 3.4). Doing so indirectly
controls error source (iii) of (3.9). Controlling error source (iii) is more complicated for
time-dependent PDEs because the algebraic manipulations used to control ‖zdu

N − z̃du
N ‖2

in the steady context require time-marching in the unsteady context.
We could consider introducing constraints to directly control the global dual error

‖zdu
N − z̃du

N ‖V and the error in the residual evaluation ‖A(ũN)− Ã(ũN)‖V . We will instead
assume that the existing constraints control the product of error sources (i) and (ii)
reasonably well and that we can iteratively modify δη1 and δη2 to achieve the desired error
tolerance. Experience tells us that solving the dual problem is more complicated than
evaluating the DWR error estimate. Therefore if we wish to achieve |η̃N(µ)−ηN(µ)| ≤ δη,
then we choose δη1 = δη and then decrease δη2 < δη until we satisfy the desired error
tolerance. We are now able to control all three error sources of the DWR error estimate
in (4.44) using an iterative procedure.

4.6 Summary

In this chapter we presented a goal-oriented EQP framework for time-dependent prob-
lems. In section 4.2 we presented the DWR method for time-dependent problems, while
in section 4.3 we demonstrated how we could apply the DWR method to the dual problem
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to control the error in the DWR error estimate by solving the tangent problem. After-
ward we extended goal-oriented EQP framework to apply to time-dependent problems
in section 4.4, while we extended the DWR EQP framework to apply to time-dependent
problems in section 4.5. We have presented a full goal-oriented EQP framework for
time-dependent problems that includes direct control of the output error and the ability
to evaluate the output and estimate its associated error in an online-efficient manner.
In chapter 5 we will explain how to implement this framework for time-dependent non-
linear parametrized PDEs, then we will present numerical results to demonstrate this
framework in chapter 6.



Chapter 5

Adaptive Offline Training

In chapter 4 we developed a goal-oriented EQP framework for time-dependent problems
which we will briefly review here. We wish to evaluate an output and estimate the error in
this output in an online-efficient manner. We follow the LPr procedure in definition 16
from section 4.4.2 to control the error in the approximation of uN by ũN , while we
follow the LPq procedure in definition 17 from section 4.4.3 to control the error in the
approximation of output functionals qN and qN,T by q̃N and q̃N,T , respectively. After we
solve the primal problem, we follow the LPη,1 procedure in definition 19 from section 4.5.1
to control the error in the approximation of zdu

N by z̃du
N , while we follow the LPη,2 procedure

in definition 21 from section 4.5.2 to control the error in the approximation of r̃du
N by ˜̄rdu

N .
We seek to develop model reduction methods with training procedures that are auto-

mated and efficient. With this in mind, we present a greedy algorithm in section 5.1 that
enables us to train our ROMs in an automated and efficient manner. We also present (i)
an automated adaptive mesh refinement (AMR) procedure and (ii) an automated method
for selecting the uniform time-step ∆t in section 5.2. The constraints associated with
the LP procedures LPr, LPq, LPη,1, and LPη,2 are designed to be conservative. Since our
constraints are conservative, the associated EQP rules may be denser than necessary. In
section 5.3 we present an automated method for adaptively selecting the EQP tolerance
δ to identify the sparsest quadrature rule possible while still achieving the desired error
tolerance. The algorithms we present in this chapter are important to ensuring that our
model reduction methods are efficient and automated.

5.1 Greedy Training Algorithm

In this section we present an efficient and automated greedy training algorithm (algo-
rithm 1). The online-efficient DWR error estimate allows the algorithm to identify the
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parameter associated with the largest error estimate (µ∗ = arg maxµ∈ΞNtrain
|η̃N(µ)|) and

is critical to ensuring the efficiency of the offline training procedure. As discussed in
section 2.3.1, the greedy algorithm will allow us to reduce the total number of FE solves
by identifying a reduced number of parameters required to construct an RB space that
spans the parametric and temporal space associated with a given parametrized PDE.
This work builds on the work of other researchers who have previously combined POD
with greedy algorithms for time-dependent PDEs [22, 25].

In the Ngreedy-th iteration of algorithm 1, we compute the FE solution at µ(Ngreedy)

using the adaptive finite element solver described in algorithm 2 (line 3). We construct
the primal RB space Vpr

Npr
following POD and we follow an iterative procedure to se-

lect the smallest Npr such that we satisfy we satisfy the desired output error tolerance
maxµ∈ΞNgreedy

|sN(µ) − sh(µ)| ≤ δrb,pr (line 4). We follow the LPr and LPq procedures
outlined in definitions 16 and 17 to select the new EQP weights for the primal prob-
lem (line 5). We solve the primal RB-EQP problem to get {uN,k(µ) ∈ Vpr

Npr
}Kk=1 for

µ ∈ ΞNgreedy
, then we solve the dual FE problem linearized about the RB-EQP states

to get {zh,k(µ(Ngreedy)) ∈ Vh}Kk=1 which allows us to evaluate the FE DWR error estimate
ηh(µ

(Ngreedy)) (line 6). We use the dual FE snapshots to construct the RB space Vdu
Ndu

using POD such that maxµ∈ΞNgreedy
|ηN(µ)− ηh(µ)| ≤ δrb,du (line 7). Then we select new

EQP weights for the DWR error estimate following the LPη,1 and LPη,2 procedures from
definitions 19 and 21 (line 8). We solve the primal RB-EQP problem, the dual RB-EQP
problem, and we evaluate the DWR error estimate for the training data (line 9). We use
the DWR error estimate to append parameter µ∗ = arg supµ∈ΞNtrain

|η̃N(µ)| to ΞNgreedy

(line 10). At each iteration we verify the convergence of the greedy algorithm (line 12).
Once the greedy algorithm has converged, we randomly select Nrandom parameters to
construct the parameter set ΞNgreedy,min

, which combines the random parameters with the
existing parameters in ΞNgreedy

(line 19). We use the ΞNgreedy,min
parameters to update the

EQP rules (lines 21 and 24). Increasing from Ngreedy to Ngreedy,min training points for the
EQP rules improves the performance for a test set where ΞNtest 6∈ ΞNtrain

.

5.2 Adaptive Mesh Refinement

We use AMR to speed-up the convergence of our FE methods and to ensure that our
FE solution meets the desired error tolerance so that our simulations are reliable. AMR
allows us to find an “optimal” FE space that minimizes the number of degrees of freedom
required to achieve the desired error tolerance. This is important to our adaptive training
procedure because it ensures that we have “good” training snapshots (i.e., the FE error
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Algorithm 1: Simultaneous RB-EQP greedy for time-dependent problems
input : training set ΞNtrain

⊂ D; output tol. δfe, δrb,pr, and δrb,du;
number of random train params. Nrandom

output: RB spaces Vpr
Npr

, Vdu
Ndu

; greedy params. ΞNgreedy
⊂ ΞNtrain

;
EQP weights {ρrκ, ρqκ, ρη,1κ , ρη,2κ ∈ R≥0}M

h

κ=1

1 set Ngreedy = 1, choose µ(1), and set ΞNgreedy
≡ µ(1);

2 while Ngreedy < Ntrain do
3 - Solve primal FE problem: solve for {uh,k(µ(Ngreedy)) ∈ Vh}Kk=1 so that

ηh(µ
(Ngreedy)) ≤ δfe, adapt mesh and time-step following algorithm 2

4 - Construct primal RB space: set Vpr
Npr

= PODNpr({{uh,k(µ)}Kk=1}µ∈ΞNgreedy
),

where Npr is chosen so that maxµ∈ΞNgreedy
|sN(µ)− sh(µ)| ≤ δrb,pr

5 - Update primal EQP: update {ρrκ, ρqκ ∈ R≥0}M
h

κ=1 using LPr and LPq

6 - Evaluate ηh(µ(Ngreedy)): solve for {ũN,k(µ) ∈ Vpr
Npr
}Kk=1 for µ ∈ ΞNgreedy

, then
solve for {zh,k(µ(Ngreedy)) ∈ Vh}Kk=1 and eval. ηh(µ(Ngreedy))

7 - Construct dual RB space: set Vdu
Ndu

= PODNdu
({{zh,k(µ)}Kk=1}µ∈ΞNgreedy

) so
that maxµ∈ΞNgreedy

|ηN(µ)− ηh(µ)| ≤ δrb,du

8 - Update dual EQP: update {ρη,1κ , ρη,2κ ∈ R≥0}M
h

κ=1 using LPη,1 and LPη,2

9 - Bootstrap: solve for {ũN,k ∈ Vpr
Npr
}Kk=1, then solve for {z̃N,k ∈ Vdu

Ndu
}Kk=1

linearized about {ũN,k ∈ Vpr
Npr
}Kk=1, and evaluate η̃N(µ) for µ ∈ ΞNtrain

10 - Choose next parameter: choose µ∗ = arg supµ∈ΞNtrain
|η̃Ndu

(µ)|

11 Check convergence and update ΞNgreedy

12 if η̃Ndu
(µ∗) ≤ δfe then

13 break
14 else
15 Set Ngreedy = Ngreedy + 1

16 Set µ(Ngreedy) = µ∗ and ΞNgreedy
≡ [ΞNgreedy

, µ(Ngreedy)]

17 end
18 end

19 - Randomly select ΞNgreedymin
≡ [ΞNgreedy

,ΞNrandom
] for Nrandom

20 - Solve primal RB problem: solve for {uN,k(µ)}Kk=1 ∈ V
pr
N for µ ∈ ΞNgreedy,min

21 - Update primal EQP : get {ρrκ, ρqκ ∈ R≥0}M
h

κ=1 using LPr and LPq for ΞNgreedy,min

22 - Solve primal RB-EQP problem: solve for {ũN,k(µ)}Kk=1 ∈ V
pr
N for µ ∈ ΞNgreedy,min

23 - Solve dual RB problem: solve for {zN,k(µ)}Kk=1 ∈ Vdu
N for µ ∈ ΞNgreedy,min

24 - Update dual EQP : get {ρη,1κ , ρη,2κ ∈ R≥0}M
h

κ=1 using LPη,1 and LPη,2 for ΞNgreedy,min
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level is low enough that we are confident that the error in the FE simulation does not
introduce error in the RB and RB-EQP simulations). Moreover, AMR ensures that
we achieve a high-accuracy simulation using fewer degrees of freedom because we refine
the mesh in regions where the error indicators are the largest. The benefits of AMR
for complex flows are demonstrated in [20]. AMR has also previously been used in the
context of ROM and has been shown to significantly reduce the offline computational
cost for RB generation in [45, 1, 46], which combine AMR with efficient a posteriori
error estimates to enable greedy parameter selection.

We will use DWR as our a posteriori error estimator to enable AMR. We will first
outline the DWR method for time-dependent FE problems, then we will explain how to
use the DWR method in the context of AMR. We will conclude by discussing how we
select our uniform time-step.

5.2.1 DWR Method for Time-Dependent Problems

We wish to control error due to the spatial and temporal discretizations. We will control
and estimate the spatial error using the DWR method, while we will control the temporal
error by iteratively adapting the size of our uniform time-step such that the temporal
error is small compared to the spatial error. Since we wish to estimate the spatial error,
we must enrich our problem in space. We solve our primal problem in the space Vh
and solve our dual problem in the enriched space Vĥ. As described in section 2.4.1, we
can either enrich this space by globally increasing the polynomial degree by one (i.e.,
Vĥ ≡ {v ∈ V|v ∈ Pp+1(Ji), i = 1, 2, . . . , ne}) or by increasing the number of elements
(i.e., Vĥ ≡ {v ∈ V|v ∈ Pp(Ji), i = 1, 2, . . . , n̂e}, where n̂e > ne. We derived the space-
time formulation of the DWR method in chapter 4.2. We state the continuous-in-time
dual problem: given µ ∈ D, and uh(µ, t) ∈ Vh for t ∈ I, find zĥ(µ, t) ∈ Vĥ for t ∈ I such
that

−m(∂tzĥ(µ, t), v) + r′(uh(µ, t); v, zĥ(µ, t);µ, t) + q′(uh(µ, t); v;µ, t) = 0 ∀v ∈ Vĥ, (5.1)

where
m(zĥ(µ, T ), v) + q′T (uh(µ, T ); v;µ, T ) = 0 ∀v ∈ Vĥ. (5.2)

We discretize in time using the backward Euler time-marching method. We time-march
from t = T to t = t0. We state the discrete-in-time dual problem: given µ ∈ D and
uh,k(µ) ∈ Vh for k = 1, 2, . . . , K, find zĥ,k ∈ Vĥ such that

m(zĥ,K(µ), v) + q′T (uh,K(µ); v;µ, T ) = 0 ∀v ∈ Vĥ, (5.3)
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and

m(zĥ,k(µ)− zĥ,k+1, v) + (tk+1 − tk)r′(uh,k(µ); v, zĥ,k;µ, tk)+

(tk+1 − tk)q′(uh,k(µ); v;µ, tk) = 0, k = K − 1, K − 2, . . . , 0 (5.4)

We note that our “truth” solution is the solution to the semi-discrete equation that has
already been discretized in time. If we choose a sufficiently small time-step, then we can
expect the error in time to be small compared to the error in space. We compute the
time-averaged error estimate by element

η∗
ĥ,i

(µ) ≡
∫
I

[mi(∂tuh(µ, t), zĥ(µ, t)) + ri(uh(µ, t), zĥ(µ, t))]dt i = 1, 2, . . . , n̂e

so that ~η∗
ĥ
≡ {η∗

ĥ,i
}n̂ei=1 ∈ Rn̂e and ηĥ =

∑n̂e
i=1 η

∗
ĥ,i
.

5.2.2 AMR Algorithm

We present our AMR algorithm in algorithm 2, which will allow us to iteratively refine
our mesh until our error estimate converges to the desired error tolerance. First we solve
the primal problem on the coarse mesh Vh. Then we prolong the coarse solutions to the
uniformly refined meshes Vĥ and solve the dual problem. We compute the DWR error
estimate on the fine mesh (line 6) and then check if the error estimate has converged to
the desired error tolerance (line 8). If further refinement is required, we restrict the DWR
error estimate onto the coarse mesh (line 11) and then mark for refinement the α-fraction
of elements (integer value of elements bα× nec) associated with the largest error estimates
(line 12). We isotropically refine the marked elements (line 13) and then we verify that
the error estimate is converging (line 14). If the error estimate is not converging, then
we decrease the time-step to decrease the temporal error. Once the DWR error estimate
has converged to the desired error tolerance, we verify that the spatial error is small by
refining in time and solving the primal problem again (line 23). If the temporal error is
small, then have properly selected our spatial and temporal discretizations. Otherwise
we further decrease the time-step (line 31).

5.3 Adaptive EQP Tolerance Selection

In the goal-oriented EQP framework for time-dependent problems presented in chapter 4,
we control only the first-order terms and ignore all higher-order terms. Moreover, we
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Algorithm 2: Goal-Oriented AMR
input : coarse space Vh; output tol. δfe; parameter µ; refinement fraction α;

initial time-step ∆t0; max iter. count itermax

output: refined space Vh; DWR error estimate ηĥ(µ); time-step ∆t

1 control the spatial error; set iter = 0 and ∆t = ∆t0;
2 while iter < itermax do
3 - Solve for {uh,k(µ) ∈ Vh}Kk=1.
4 - Uniform mesh refinement (choose n̂e > ne to get Vh ⊂ Vĥ)
5 - Prolong {uh,k(µ) ∈ Vh}Kk=1 onto Vĥ and solve for {zĥ,k(µ) ∈ Vĥ}Kk=1

6 - Compute the DWR error estimate by element to get the vector

~η∗
ĥ
≡ {η∗

ĥ,i
}n̂ei=1

7 - Evaluate the error estimate ηĥ(µ) =
∑n̂e

i=1 η
∗
ĥ,i

8 if |ηĥ(µ)| ≤ δfe then
9 break

10 end
11 - Restrict the vector ~η∗

ĥ
onto Vh to get

~η∗h ≡ {η∗h,i}nei=1

12 - Mark elements: choose α× ne largest error indicators {|ηh,i|}nei=1

13 - Refine the marked elements of Vh to get an adaptively refined mesh
14 if iter > 3 then
15 Compute convergence rate r as a function of Nh
16 if r < 0.5 then
17 Decrease time-step so that ∆t = ∆t/2
18 end
19 end
20 - Set iter = iter + 1

21 end

22 verify the temporal error, set iter = 0
23 while iter < itermax do
24 - Solve for uh(µ) ∈ Vh and evaluate the output s(µ)

25 - Set ∆t̂ = ∆t/2
26 - Solve for ûh(µ) ∈ Vh and evaluate the output ŝ(µ)
27 - Compute the error ∆s = s(µ)− ŝ(µ)
28 if ∆s ≤ δfe then
29 break
30 else
31 ∆t = ∆t/2
32 end
33 end
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do not control the values of the operators Bpr
N and Bdu

N . We also take steps to make
our constraints more conservative, such as enforcing our constraints over sub-intervals
{Ik}KLP

k=1 of I and by enforcing N constraints using the Hadamard product. With this
in mind, we note that the EQP LP constraints enforce an upper bound on the error
introduced by the EQP rule, but that this upper bound is not necessarily sharp. Therefore
a given EQP rule may be denser than needed to achieve the desired error tolerance. In
this section we present an iterative procedure to adaptively select an EQP tolerance to
achieve the desired error tolerance.

We wish for our EQP rules to sparse and accurate. An EQP rule is sparse if it has
few quadrature points compared to the “truth” quadrature rule, while it is accurate if
the error introduced by the EQP rule is small. We wish to find the sparsest EQP rule
possible that still achieves the desired error tolerance. Given an error tolerance δ∗ ∈ R≥0,
we can measure the error δtrue(δ

∗). For LPr we measure the error

δrtrue(δ
∗) ≡ max

µ∈ΞNtrain

|J(uN ;µ)− J(ũN ;µ)|,

while for LPη,1 we measure the error

δη,1true(δ
∗) ≡ max

µ∈ΞNtrain

|〈A(ũN ;µ), zN − z̃N〉|,

and for LPη,2 we measure the error

δη,2true(δ
∗) ≡ max

µ∈ΞNtrain

|〈A(ũN ;µ)− Ã(ũN ;µ), zN〉|.

We do not apply the adaptive error tolerance selection procedure to LPq because these
quadrature rules are already very sparse, so it is not important to make them sparser.

Here we will demonstrate how to iteratively solve the LP system to find sparser
quadrature rules that still achieve the desired error tolerance. We wish to find a quadra-
ture rule such that δtrue(δ

∗) ≤ δ0, where δ0 is the desired error tolerance and δ∗ is the
error tolerance used to solve the initial LP system. We consider a quadrature rule to
be “better” if it has fewer quadrature points while still achieving the desired error tol-
erance. In general, we expect the error associated with an EQP rule to be larger if it
has fewer quadrature points. We consider two error tolerances 0 < δ1 < δ2 and their
associated quadrature weights {ρ1

κ, ρ
2
κ ∈ R≥0}M

h

κ=1. We assume that if it is possible to
achieve a tight error tolerance δtrue(δ1) � δ1 using some set of quadrature points, then
it is possible to achieve a looser error tolerance δtrue(δ2) ≤ δ2 using a subset of these
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quadrature points. We note that this LP procedure is feasible if δ2 ≥ δ1 since we al-
ready know that δtrue(δ1) ≤ δ2, meaning that we can achieve the desired error tolerance
if {ρ2

κ}M
h

κ=1 = {ρ1
κ}M

h

κ=1. Given the previous assumptions we expect {ρ2
κ}M

h

κ=1 to a subset of
{ρ1

κ}M
h

κ=1. We take advantage of this nesting property by reconstructing our LP constraints
using the EQP rule as opposed to “truth” quadrature rule. Not only does this decrease
the cost of constructing the LP constraints, but it also decreases the cost of solving the
LP because we have fewer variables.

In algorithm 3 we present the procedure to adaptively select the error tolerance δ.
First we verify that the initial quadrature rule satisfies the desired error tolerance so that
δtrue(δ0) < δ0 (line 2). Then we identify an error tolerance δbisect

tight such that δtrue(δ
bisect
tight ) >

δlow (line 7). Next we identify an error tolerance δbisect
loose such that δtrue(δ

bisect
loose ) < δ0 (line 11).

We use the error tolerances 0 < δbisect
tight < δ0 < δbisect

loose to in conjunction with the bisection
method to iteratively identify the loosest δ∗ that satisfies our error tolerance δtrue(δ

∗)

so that we achieve the sparsest quadrature rule possible (line 20). Once the algorithm
converges we get the sparse quadrature rule {ρ∗κ ∈ R≥0}M

h

κ=1 associated with δ∗ such that
δtrue(δ

∗) < δ0.

5.4 Summary

We have presented a greedy training procedure (algorithm 1 in section 5.1), an AMR
scheme coupled with a scheme to adaptively select our uniform time-step (algorithm 2
in section 5.2), and an iterative procedure to adaptively select the EQP error tolerance
(algorithm 3 in section 5.3). The greedy training procedure allows us to improve the
efficiency of the offline training stage so that we can achieve the desired error tolerance
using fewer FE solvers. The AMR scheme allows us to automatically construct a mesh
that satisfies a user-specified error tolerance, while the adaptive EQP tolerance selection
procedure allows us to identify the sparsest EQP rule possible that still achieves the
desired error tolerance. Our offline training procedure is fully automatic and it is adaptive
in both space and time. We demonstrate our offline training procedure in chapter 6.
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Algorithm 3: Adaptive EQP Tolerance Selection
input : error bounds δ0 and δlow, where 0 < δlow < δ0;

EQP weights {ρκ ∈ R≥0}M
h

κ=1 (associated with δ0); train set ΞNtrain
⊂ D;

output: EQP weights {ρ∗m ∈ R≥0}M
h

κ=1 (associated with δ∗); error tol. δ∗;
error measure δtrue(δ

∗)

1 set δ∗ = δ0, iter = 0, itermax = 100;

2 verify that system is feasible ;
3 Compute error measure δtrue(δ0) for ΞNtrain

using {ρκ}M
h

κ=1

4 if δtrue(δ0) > δ0 then
5 Error: system is not feasible
6 else if δtrue(δ0) > δlow then
7 δbisect

tight = δ0

8 else
9 break: error bounds are satisfied

10 end

11 find loose error tolerance δbisect
loose ;

12 Find EQP weights {ρ∗κ ∈ R≥0}M
h

κ=1 for δ∗, use {ρκ}M
h

κ=1 and ΞNtrain
to construct LP

13 Compute error measure δtrue(δ
∗), use {ρ∗κ}M

h

κ=1 and ΞNtrain

14 while δtrue(δ
∗) < δ0 do

15 - Increase δ∗ (i.e., δ∗ = 10× δ∗)
16 - Update EQP weights {ρ∗κ ∈ R≥0}M

h

κ=1 for δ∗, use {ρκ}M
h

κ=1 and ΞNtrain
to

construct LP
17 - Compute error measure δtrue(δ

∗), use {ρ∗κ}M
h

κ=1 and ΞNtrain

18 end

19 set δbisect
loose = δ∗;

20 find “best” quadrature rule;
21 while iter < itermax do
22 - Update δ∗ = (δbisect

tight + δbisect
loose )/2

23 - Update EQP weights {ρ∗κ ∈ R≥0}M
h

κ=1 for δ∗, use {ρκ}M
h

κ=1 and ΞNtrain
to

construct LP
24 - Compute error measure δtrue(δ

∗), use {ρ∗κ}M
h

κ=1 and ΞNtrain

25 if δtrue(δ
∗) < δlow then

26 δbisect
tight = δ∗

27 else if δtrue(δ
∗) > δ0 then

28 δbisect
loose = δ∗

29 else
30 break
31 end
32 - Update iteration counter: iter = iter + 1

33 end



Chapter 6

Numerical Results

In this chapter we present numerical results demonstrating that the model reduction
method we have designed is: (i) rapid, (ii) reliable, (iii) efficient, and (iv) automated.
We present numerical results for two unsteady problems: (i) a nonlinear reaction diffusion
equation in section 6.1, and (ii) a lid-driven cavity flow problem in section 6.2.

6.1 Nonlinear Reaction Diffusion Equation

6.1.1 Problem Description

We will now apply EQP to the nonlinear reaction diffusion equation that we presented
in section 2.1 and that was originally presented in [23]. For completeness we restate the
problem: given any µ ∈ D, find u(µ) : Ω× I → R that satisfies

∂u(µ)

∂t
−∇2u(µ) + g(u(µ);µ) = f on Ω× I,

u(µ) = 0 on ∂Ω× I,

u(µ) = 0 on ∂Ω× {t = 0},

where Ω ≡ (0, 1)2 ⊂ R2 is the unit square spatial domain with the boundary ∂Ω, I ≡
(0, 1.25] is the modified time interval, and D ≡ [0.01, 10]2 ⊂ R2 is the parameter domain.
The parameter tuple µ has two scalar entries where µ = (µ(1), µ(2)). Moreover, the
nonlinear reaction function is defined as

g(u(µ);µ) = µ(1)
eµ(2)u(µ) − 1

µ(2)

,

69
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(a) µ = (10, 0.01) (b) µ = (10, 10)

Figure 6.1: Plot of solution to Grepl problem at t = 1.25

while the time-dependent forcing function is defined as

f((x(1), x(2)), t) = 100 sin(2πt) sin(2πx(1)) cos(2πx(2)).

We compute the modified output s(µ) = qT (u(µ, T );µ, T ), where the output functional
is the mean value of the solution weighted by a Gaussian distribution, centred about
x = (0.75, 0.05) with a standard deviation of σ = 0.05, so that we localize the output
further:

qT (u(µ, T );µ, T ) ≡ 1

0.05× 2π

∫
Ω

exp
(
−
((x1 − 0.75)2

2× (0.05)2
+

(x2 − 0.5)2

2× (0.05)2

))
u(µ, T )dx.

We see that µ(1) controls the magnitude of the nonlinear reaction term, while µ(2) controls
nonlinearity of the nonlinear reaction term. Small magnitudes of either µ(1) or µ(2)

(especially µ(2)) make the problem more linear so that the average value of the solution
integrated in time approaches zero, which in turn means that the magnitude of the output
approaches zero In figure 6.1 we plot the solution at t = 1.25 for µ = (10, 0.01) (slightly
nonlinear) and µ = (10, 10) (highly nonlinear). We notice that the nonlinear reaction
term damps the peaks but not the troughs. We also notice that the damping behaviour
is more prominent for the most nonlinear case.

We will train our ROM following the greedy algorithm (algorithm 1) outlined in chap-
ter 5.1. We will demonstrate the we have direct numerical control of the error introduce
by EQP and that the online stage is rapid and reliable. We will further demonstrate that
the greedy algorithm is efficient by showing that it reduces the offline training costs by
comparing the performance of greedy and random parameter selection.
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Following [23], we choose a uniform 12 × 12 grid of training points ΞNtrain
and a

uniform 15 × 15 grid of test points ΞNtest . We choose our first parameter to be µ(1) =

arg maxµ∈ΞNtrain
(µ2

(1) + µ2
(2)) = [10, 10], which is the most nonlinear µ ∈ D. We further

note that we chose the FE error tolerance δfe = 5 × 10−5, the RB error tolerances
δrb,pr = 10× δfe = 5× 10−4 and δrb,du = 0.25× δrb,pr = 1.25× 10−4. We also note that we
wish for the EQP rules to introduce only a small additional error. Therefore we choose
δr = 5 × 10−5, δq = 10−8, δη1 = 1.25 × 10−5, and δη2 = 1.25 × 10−6. Finally we note
that we choose an initial mesh with third-order polynomials and Nh = 49, while our
initial time-step is ∆t = 0.0025. After the greedy algorithm has converged we seek to
improve the accuracy of the EQP rule by randomly select Nrandom = 10 parameters to
create ΞNgreedy,min

≡ [ΞNgreedy
,ΞNrandom

], then we use these parameters to retrain our EQP
rules.

6.1.2 Output Prediction

Here we present numerical results for the output error. We note that the greedy algorithm
converges after four iterations so that Ngreedy = 4. The largest magnitude of the output is
associated with µ(2) ≡ [0.01, 0.01] (the most linear case) where s(µ(2)) = 0.156. We define
the relative output error errs,rel(µ) ≡ |sh(µ)−s(µ)|

|s(µ)| ≈ |ηh(µ)
sh(µ)
|. Our choice of δfe means that

the largest relative output error satisfies maxµ∈D errs,rel(µ) ≤ 5×10−5

0.156
= 2.07 × 10−4 =

0.032% < 0.1%. We invoke AMR (algorithm 2 in section 5.2) to automatically refine
our initial mesh and uniform time-step to get a mesh whose “truth” quadrature rule
has Mh = 2064 points and the uniform time-step ∆t = 0.0025. We verify that the FE
solver achieves the desired error tolerance for all parameters µ ∈ ΞNgreedy

and we find
that maxµ∈ΞNgreedy

|ηh(µ)| = 5.40× 10−6 < δfe = 5× 10−5. In figure 6.2a we compare the
convergence of AMR to uniform mesh refinement. We overlay the error estimate |ηh(µ)|
with the “true” error |sh(µ)− sref(µ)|, where sref(µ) is the reference output computed on
the reference mesh, which we get by uniformly uniformly refining the finest mesh from
AMR twice. We see that the DWR error estimate closely tracks the true error as Nh
increases (i.e., it’s effectivity increases as Nh increases). In figure 6.2b we plot the AMR
mesh overlayed with the solution for µ = (10, 10) at t = 1.25. We see that the mesh
is more refined towards x = (0.25, 0.5) and x = (0.75, 0.5), which have large peaks and
troughs, and thus higher solution gradients. In particular, the mesh is even more refined
towards x = (0.75, 0.5), which is the centre of the Gaussian distribution of the output
and corresponds to the centre of one of the peaks / troughs.

Next we demonstrate direct numerical control over the RB and RB-EQP output
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Figure 6.2: AMR for Grepl problem

(a) RB convergence (b) RB-EQP error control

Figure 6.3: Convergence of output error (train with ΞNgreedy,min
and test over ΞNtest)

errors. We demonstrate the RB convergence of the output error and the associated
DWR error estimate in figure 6.3a, while we demonstrate direct numerical control of
the error due to EQP in 6.3b. We see that the error between the RB and FE outputs
decreases as we add more primal basis functions and that the error between the RB and
RB-EQP outputs decreases as we decrease δr. The nonlinear reaction diffusion equation
becomes linear if we set µ(1) = µ(2) = 0. We can solve the linear problem using only one
sinusoidal RB function, but we require {φi}i>1 to resolve the nonlinearity when µ(1) > 0

and µ(2) > 0. In figure 6.4 we plot the first three primal RB functions and we notice that
the first RB function is similar in shape to the solutions plotted in figure 6.1.

Using the greedy algorithm we accurately approximate the primal RB problem using
Npr = 9 with M r = 79 and M q = 10. We measure the output error in the test data
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(a) First RB function (b) Second RB function (c) Third RB function

Figure 6.4: Primal RB functions for Grepl problem

δ0 M r
0 errr,0 δ∗ M r errr

10−3 37 3.62× 10−5 1.00× 10−2 20 9.74× 10−4

10−4 55 4.47× 10−6 1.78× 10−3 30 9.20× 10−5

10−5 79 8.27× 10−7 1.78× 10−4 43 9.74× 10−6

Table 6.1: Adaptive EQP tolerance selection for LPr - Grepl problem

maxµ∈ΞNtest
|s̃N(µ) − sh(µ)| = 7.35 × 10−5 < δrb,pr = 5 × 10−4 and maxµ∈ΞNtest

|s̃N(µ) −
sN(µ)| = 1.88 × 10−6 < δr = 1 × 10−5. We note that we are most concerned with
controlling the error between the RB-EQP and the FE outputs. We are not concerned
with the magnitude of the error between the RB-EQP and RB outputs as long as this
error is small compared to the error between the RB-EQP and FE outputs.

Here we demonstrate the adaptive EQP tolerance selection algorithm (algorithm
3 in section 5.3). In figure 6.5 we look at how changing δr,0 affects the number of
quadrature points associated with LPr for Npr = 9. We measure the error errr ≡
maxµ∈ΞNgreedy

|s̃N(µ) − sN(µ)|, while we set the lower bound δlow = 0.8 × δ0. In table
6.1 we show that given δ0, we can find δ∗ > δ0 such that the associated quadrature
rule is sparser, yet still achieves the desired error tolerance. This again demonstrates
quantitative control of the EQP error. We also note that the initial EQP rules without
the adaptive tolerance selection are conservative. This is consistent with the theory in
section 4.4 because we have intentionally chosen to impose constraints that are more
conservative than necessary. These results also emphasize the adaptivity of our training
procedure.
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(a) δr,0 = 10−3, Mr = 20
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(b) δr,0 = 10−4, Mr = 30
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(c) δr,0 = 10−5, Mr = 43

Figure 6.5: LPr EQP points for Grepl problem (Npr = 9 and ΞNgreedy,min
)

6.1.3 Error Estimation

Here we present results for the DWR error estimate. In figure 6.6a we see that the error in
the RB and RB-EQP DWR error estimates, measured with respect to the FE DWR error
estimate, converges with Ndu. We combine the LP procedures presented in definitions 19
and 21 and enforce the constraints simultaneously for δη. In figure 6.6b, we demonstrate
that decreasing δη decreases the error in the DWR error estimate, meaning that we
have direct numerical control over the error in the DWR error estimate due to EQP.
Following the greedy algorithm, we achieve the desired error tolerance using Ndu = 7

with Mη,1 = 27 and Mη,2 = 81. We measure the error in the DWR error estimate
for the test data maxµ∈ΞNtest

|η̃N(µ) − ηh(µ)| = 3.40 × 10−5 < δrb,du = 1.25 × 10−4 and
maxµ∈ΞNtest

|η̃N(µ)− ηN(µ)| = 4.43× 10−7 < max(δη1 , δη2) = 1.25× 10−5. We see that we
have precise control of the error in the DWR error estimate.

Here we demonstrate the adaptive EQP tolerance selection algorithm (algorithm 3
in section 5.3) for LPη1 . In figure 6.7 we see that using larger δη1,0 leads to sparser
quadrature rules. We measure the error in LPη1

errη1 ≡ max
µ∈ΞNgreedy

‖
∫
I

r̄du
N (ũN(µ);µ, t)T (z̃du

N (µ)− zdu
N (µ))dt‖2,

while we set the lower bound δlow = δη1,0/5. In table 6.2 we see that we get sparser
quadrature rules using the adaptive EQP tolerance selection procedure. In figure 6.7 we
notice that the EQP points are clustered around x = (0.75, 0.5), which is the centre of
the Gaussian distribution for the output.



Chapter 6. Numerical Results 75

1 2 3 4 5 6 7

10 -4

(a) RB convergence

1 2 3 4 5 6 7

10 -6

10 -5

10 -4

10 -3

(b) RB-EQP error control

Figure 6.6: Convergence of the error in the DWR error estimate (train with ΞNgreedy,min

and test over Ξtest)

δ0 M r
0 errr,0 δ∗ M r errr

1.25× 10−4 17 4.97× 10−6 2.00× 10−3 10 6.78× 10−5

1.25× 10−5 27 1.522× 10−6 4.61× 10−4 13 1.37× 10−6

1.25× 10−6 36 4.65× 10−7 1.25× 10−6 36 4.65× 10−7

Table 6.2: Adaptive EQP tolerance selection for LPη1 - Grepl problem
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(a) δη1,0 = 1.25× 10−4, Mη1 = 10
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(b) δη1,0 = 1.25× 10−5, Mη1 = 22
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(c) δη1,0 = 1.25× 10−6, Mη1 = 38

Figure 6.7: LPη,1 EQP points for Grepl problem (Ndu = 7, and ΞNgreedy,min
)
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LPr LPq LPη1 LPη2 total
Construct 0.989 0.256 0.930 0.981 3.16

Solve 0.0388 0.0052 0.0023 0.0022 0.0485

Table 6.3: Normalized offline time for LPEQP for ΞNgreedy

6.1.4 Offline Computational Cost

We will now discuss the cost of the greedy offline training. The primary training costs
are associated with (i) solving the primal and dual FE problems, (ii) following the LP
procedures to construct the EQP rules for ΞNgreedy

, (iii) evaluating the ROMs for µ ∈
ΞNtrain

in the bootstrapping stage, and (iv) following the LP procedures to construct the
EQP rules for ΞNgreedy,min

. We also note that the initial AMR procedure to determine the
spatial and temporal discretizations is more costly than subsequent FE solves, so we will
separate this cost from the cost of the other FE solves. We normalize all times using the
time for one primal FE solve for µ = (10, 10).

The initial AMR procedure entails a normalized cost of t̂fe,amr = 9.68, while all sub-
sequent FE solves have a combined cost of (i) t̂fe,pr = 3.00 to solve the primal problem,
(ii) t̂fe,dwr = 5.42 to verify that the desired error tolerance is satisfied (i.e., solve dual
problem on a uniformly refined mesh and evaluate the DWR error estimate), and (iii)
t̂fe,du = 1.97 to collect snapshots for the dual RB space by solving the dual FE prob-
lem (without uniform mesh refinement). Next we perform POD and choose both Npr

(t̂Npr = 0.124) and Ndu (t̂Ndu
= 0.386). After choosing Npr and Ndu we must solve the

dual problem projected onto the primal RB space (t̂rb,β,pr = 0.714) and the tangent prob-
lem projected onto the dual RB space (t̂rb,χ,du = 1.28). A break-down of the costs to
construct the constraints and solve the LP for all LP procedures is provided table 6.3,
and their total cost is t̂eqp,total = 3.20 for ΞNgreedy

. After we construct the EQP rules,
we solve the primal RB-EQP problem (t̂eqp,boot,pr = 14.8) and evaluate the RB-EQP
DWR error estimate (t̂eqp,boot,du = 9.51 ) for µ ∈ ΞNtrain

, which entails a total cost of
t̂eqp,boot,total = 15.7, where Ntrain = 144. The total cost of the greedy training algorithm
for four iterations is t̂greedy,total,iter = 50.1, which is substantially lower than performing
Ntrain = 144 primal solves, applying POD to these snapshots, and then constructing EQP
rules for Ntrain = 144. Moreover, the approach of the greedy algorithm is more reliable
than the aforementioned brute force method because it also provides error estimates.
This demonstrates the efficiency and reliability of the greedy algorithm.

Once the greedy algorithm has converged, we randomly select Nrandom = 10 parame-
ters to be combined with ΞNgreedy

to create ΞNgreedy,min
. We use the RB-EQP states from
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primal output DWR (dual) DWR (eval) total
FE 1 0.0351 0.477 0.104 1.62
RB 0.215 0.0128 0.0761 0.0625 0.367

RB-EQP 0.0266 0.0036 0.0117 0.0064 0.0483

Table 6.4: Normalized online computational time for Grepl problem

the bootstrapping stage so that we solve the dual problem projected onto the primal
RB space (t̂rb,pr,min = 0.83) and the tangent problem projected onto the dual RB space
(t̂rb,du,min = 1.79). Then we construct the new EQP rules for a total cost of t̂eqp,total,min =

4.92. The total cost of the steps involving ΞNgreedy,min
is t̂greedy,total,min = 7.54. This brings

the total cost of the greedy algorithm to t̂greedy,total = t̂greedy,total,iter + t̂greedy,total,min = 57.6,
which is still much lower than performing Ntrain = 144 primal solves.

6.1.5 Online Computational Cost

We will now discuss the online computational cost of our ROMs. We will normalize all
computational times using the time to perform a one primal finite element solve and
present the normalized times in table 6.4. The RB solver the computational cost with
respect to the FE solver because the linear solve at each Newton iteration depends on
O(N) rather than O(Nh). The FE solver entails a high computational cost because we
must perform a large number of sparse operations that cannot be efficiently performed
on modern computers. The RB and RB-EQP solvers entail lower costs because we need
only perform dense operations. The RB-EQP solver further increases the cost savings
of the RB solver by decoupling the cost to evaluate the operators from O(Nh). The
RB-EQP solver leads to a speed-up of 34.3 to solve the primal problem and evaluate the
output, while it leads to a speed-up of 33.1 to solve the dual problem and evaluate the
DWR error estimate, with respect to the FE solver. The RB-EQP solver leads to a total
speed-up of 33.5 with respect to the FE solver.

6.1.6 Greedy vs. Random Sampling

Greedy sampling converges in four iterations, while random sampling converges in seven
iterations. This demonstrates that greedy sampling allows users to construct their ROMs
more efficiently. In figure 6.8b we plot the parameters chosen by both greedy and random
sampling. We see that greedy sampling preferentially selects parameters at the boundary
of D (µ(1) = (10, 10), µ(2) = (0.01, 0.01), µ(3) = (10, 1.83), and µ(4) = (0.01, 10)).
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Figure 6.8: Greedy vs. random parameter selection for Grepl problem

From random sampling we get Npr = 7 with M r = 63 and M q = 8 for the primal
problem, while we get Ndu = 2 with Mη1 = 9 and Mη2 = 21. We measure the output
error for random sampling maxµ∈ΞNtest

|s̃N(µ)− sh(µ)| = 7.03× 10−5 < δrb,pr = 5× 10−4

and maxµ∈ΞNtest
|s̃N(µ)−sN(µ)| = 9.66×10−6 < δr = 10−5, while we measure the error in

the DWR error estimate maxµ∈ΞNtest
|η̃N(µ)− ηh(µ)| = 2.35× 10−5 < δrb,du = 1.25× 10−4

and maxµ∈ΞNtest
|η̃N(µ)− ηN(µ)| = 1.10× 10−6 < max(δη1 , δη2) = 1.25× 10−5. The notice

that despite taking more iterations to converge, random sampling constructs a ROM that
is just as accurate as greedy sampling. We also notice that greedy sampling gives a ROM
with fewer basis functions.

In figure 6.8a we compare the convergence of the primal RB problem using Vpr
Npr

con-
structed using greedy parameter selection to Vpr

Npr
constructed using random parameter

selection. The greedy algorithm converges after four iterations, so we construct the RB
space Vpr

Npr
using four parameters in both cases. We observe that random parameter

selection initially performs better than greedy parameter selection, but that they have
similar performance as Npr increases.

Random parameter sampling requires three more iterations to converge than greedy
sampling. Therefore random parameter sampling entails: (i) three additional FE solves,
(ii) an EQP training set (ΞNgreedy

) with three additional parameters, and (iii) three addi-
tional iterations of bootstrapping. Here we will quantify the additional costs associated
with each of these three items. The FE solves entail a total cost of t̂fe,amr = 5.12 (first pri-
mal FE solve), t̂fe,pr = 6.00 (subsequent primal FE solves), t̂fe,dwr = 11.3 (to verify DWR
error estimate for subsequent FE solves), and t̂fe,du = 3.43 (to collect dual FE snapshots).
The total cost associated with constructing EQP rules for ΞNgreedy

is t̂eqp,total = 6.98,
while the total cost of bootstrapping is t̂eqp,boot,total = 42.2, where t̂eqp,boot,pr = 27.0 and
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t̂eqp,boot,du = 15.2. The total cost of the greedy training algorithm is t̂random,total,iter = 79.7,
while the cost of EQP for ΞNgreedy,min

following convergence of the greedy algorithm en-
tails a cost of t̂random,total,min = 5.33, bringing the total cost to t̂random,total = 85.0. The
cost of random parameter selection (t̂random,total = 85.0) is higher than the cost of greedy
parameter selection (t̂greedy,total = 57.6), which demonstrates the efficiency of the greedy
training algorithm. The problem considered here is relatively low-dimensional and we ex-
pect the cost-savings provided by greedy sampling to be even larger for high-dimensional
problems.

6.2 Unsteady Lid-Driven Cavity Flow

6.2.1 Problem Description

We will now consider a two-dimensional lid-driven cavity flow. This problem is of real-
world interest and it is vectorized, which increases the computationally complexity. The
lid-driven cavity flow problem is governed by the incompressible Navier-Stokes equa-
tions. We write the strong form of the unsteady incompressible Navier-Stokes equations
specialized to our lid-driven cavity flow problem

∂v(µ)

∂t
− ν∆v(µ) + (v(µ) · ∇)v(µ) +∇p(µ) = 0 on Ω× I, (6.1)

∇ · v(µ) = 0 on Ω× I, (6.2)

v(µ) = sin(ωt)vb on Γlid × I, (6.3)

v(µ) = 0 on ∂Ω \ Γlid × I, (6.4)

v(µ) = 0 on ∂Ω× {t = 0}, (6.5)

where Ω ⊆ R2 is the unit square spatial domain, Γlid ≡ (0, 1) × {x2 = 1} is the upper
boundary corresponding to the lid, I = (0, T ) is the time interval, ν ∈ R>0 is the
kinematic viscosity, and ω is the frequency of the lid’s velocity. If we take the limit as
ν →∞, then we approach Stokes flow. We introduce the Reynolds number Re = UL/ν

and set the characteristic velocity and characteristic length to unity so that Re = 1/ν.
We define our parameter µ ≡ [Re, ω] and the parameter domain D ≡ [0, 100]× [π/2, 2π].
We further note that v is the vector of velocity fields with entries v1 and v2, while p is the
pressure field. We enforce time-varying Dirichlet boundary conditions sin(ωt)vb, which
correspond to the velocity of the lid, where vb,1 = e

− 0.05
0.25−(x1−0.5)2 and vb,2 = 0. We also
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define the output functional

q(v(µ);µ, t) =
1

2

∫
Ω

[v(µ) · v(µ)]dx, (6.6)

so that our output is the mean kinetic energy: s(µ) ≡
∫
I
q(v(µ);µ, t)dt.

We introduce the function spaces V = [H1
0 (Ω)]2 and Q = L2(Ω). Then we introduce

the test function space X ≡ V × Q × R and the test function ϕ ≡ (ψ, χ,Λ)T ∈ X.
We enforce inhomogeneous Dirichlet boundary conditions on the velocity field on Γlid

and homogeneous Dirichlet boundary conditions on ∂Ω \ Γlid. We introduce the lifting
function vss ∈ H1(Ω)2 such that vss|Γlid

= vb and vss|∂Ω\Γlid
= 0. Then we introduce the

time-dependent essential spaces VE,t ≡ sin(ωt)vss +V and XE,t ≡ VE,t×Q×R, which we
use to introduce the lifting function uss = (vss, 0, 0) ∈ XE,t such that we can also write
XE,t ≡ sin(ωt)uss + X. We further note that u ≡ (v, p, λ) and that given u ∈ XE,t, the
velocity field satisfies the inhomogeneous Dirichlet boundary conditions (i.e., v ∈ VE,t).
In practice we identify our lifting function by solving the steady version of the lid-driven
cavity flow problem with ν = 1, ∂t(v(µ)) = 0, and Dirichlet boundary condition v = vb

on Γlid.
We cannot uniquely determine the value of pressure without imposing a constraint,

so we enforce the zero-mean pressure condition using the Lagrange multiplier λ, which
we add to the divergence-free condition (6.2). We state the weak form of our problem:
given µ ∈ D, find v ∈ VE,t, p ∈ Q, and λ ∈ R such that∫

Ω

[ψ · ∂tv + ψ · (v · ∇)v − (∇ · ψ)p+ ν(∇ψ · ∇v)]dx = 0 ∀ψ ∈ V , (6.7)∫
Ω

χ(∇ · v − λ)dx = 0 ∀χ ∈ Q, (6.8)∫
Ω

pdx = 0, (6.9)

where (6.7) is the weak form of (6.1), (6.8) corresponds to the divergence-free condition
(6.2), and (6.9) corresponds to the zero-mean pressure condition.

We use Taylor-Hood elements to solve the FE problem. We use a p-order polynomial
space Vh for the space associated with the velocity field, while we use a p − 1-order
polynomial space Qh for the space associated with the pressure field. Our essential space
varies in time, so we look for vh ∈ VE,th at time t. For this work we choose p = 3.

We solve the primal FE problem to collect solution snapshots of the velocity fields
vh ∈ VE,th , the pressure field ph ∈ Qh, and the Lagrange multiplier λh ∈ R. We have
Nh1 degrees of freedom associated with the pressure space Qh, while we have 2 × Nh2
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degrees of freedom associated with the velocity space Vh (Nh2 degrees of freedom for each
dimension). We introduce the generalized coordinates w1,w2 ∈ RNh2 which we associate
to the function w ∈ VEh as

wj(x) ≡
Nh2∑
i=1

wj,iψi(x) j = 1, 2.

We introduce the generalized coordinate z ∈ RNh,1 which we associate to the function
z ∈ Qh where

z(x) ≡
Nh1∑
i=1

wiχi(x).

The generalized state coordinates (vh,1,vh,2)T ∈ R2Nh2 correspond to vh ∈ VE,th , while
the generalized state coordinate ph ∈ RNh1 corresponds to ph ∈ Qh. We combine these
generalized state coordinates into the vector uh ≡ (vh,1,vh,2,ph, λh)

T ∈ RNh , where
Nh ≡ 2 × Nh,2 + Nh1 + 1, which corresponds to uh ≡ (vh, ph, λh)

T ∈ XE,t
h . We further

note that the generalized state uh,ss ∈ RNh corresponds to the FE approximation of the
lifting function uss.

We introduce the snapshots {uh,k(µ)}Kk=1 for µ ∈ ΞNtrain
, where uh,k(µ) ∈ RNh . We

modify these snapshots to get {S0
k(µ) ≡ uh,k(µ)− sin(ωtk)uh,ss}Kk=1, where the snapshots

S0
k ∈ RNh satisfy homogeneous (as opposed to inhomogeneous) Dirichlet BCs. We use

POD to compress the snapshots {S0
k(µ)}Kk=1 into an X-orthonormal basis {φpr

i }Ni=1 of X
pr
N .

Then we introduce generalized coordinate w ∈ RN that we associate to the function

w =
N∑
j=1

φpr
j wj ∈ Xpr

N

We introduce the essential space XE,t,pr
N ≡ sin(ωt)uss +Xpr

N , and we write

w =
N∑
j=1

φpr
j wj + sin(ωt)uh,ss ∈ XE,t,pr

N ,

which satisfies the inhomogeneous Dirichlet boundary conditions. We note that this
lifting technique was first presented in [10].

We conclude this section with a description of the discretization parameters and
error tolerances. We use AMR to control the FE error. We time-march using the Crank-
Nicolson method over the interval I ≡ (0, 1] with the time-step ∆t = 0.005 so that we have
K = 201 time-steps. We choose δfe = 5×10−6, δrb,pr = 5×10−5, and δrb,du = 0.25×δrb,pr =



Chapter 6. Numerical Results 82

1.25 × 10−5. We also choose the EQP error tolerances δr = 0.1 × δrb,pr = 5 × 10−6,
δq = 10−8, δη1 = 0.1 × δrb,du = 1.25 × 10−6, and δη2 = 0.1 × δη1 = 1.25 × 10−7. We also
choose Nrandom = 5 for when we construct ΞNgreedy,min

. We have two parameters to choose:
(i) the Reynolds number Re ∈ [10, 100], and (ii) the frequency ω ∈ [π/4, 2π]. We choose
a uniform 10× 8 grid of train points ΞNtrain

with 10 Reynolds numbers and 8 frequencies,
while we randomly select Ntest = 20 test points ΞNtest .

6.2.2 Results

We invoke the greedy algorithm (algorithm 1 in section 5.1) which converges after three
iterations (Ngreedy = 3) with Npr = 10 and Ndu = 3. Figure 6.9a shows the FE DWR
error estimate as a function of the number of FE degrees of freedom for µ ∈ ΞNgreedy

.
We observe that the error associated with AMR converges more rapidly than uniform
refinement. We identify µ∗ ≡ arg maxµ∈ΞNgreedy

|ηh(µ)| and plot |ηh(µ∗)|. We also see
that our DWR error estimate is reasonably effective. Figure 6.9b shows the RB and RB-
EQP output error as a function of Npr, overlayed with the FE and RB-EQP DWR error
estimates. We see that the DWR error estimates are effective, but that the effectivity is
worse for Npr = 9. For Npr = 9, 10 the output error is low and is close to the FE error
tolerance, so the resolution of the dual FE solver may not be high enough to properly
estimate the output error for Npr > 8. The DWR method results from a linearization,
so we expect its effectivity to improve as the error decreases as long as Vh is sufficiently
refined. When we construct our RB space, we are able to measure the exact error for
the parameters in ΞNgreedy

, so we know that our RB-EQP model is accurate for these
parameters. The AMR algorithm is important because it ensures that our FE space is
rich enough that (i) the output FE output error is much lower than our RB output error
tolerance, and (ii) the FE DWR error estimate is effective.

We will now discuss the error introduced by the RB and RB-EQP approximations.
The greedy algorithm converges after three iterations so that Ngreedy = 3. For the
primal problem we get Npr = 10 with M r = 148 and M q = 61, while for the dual
problem we get Ndu = 3 with Mη1 = 28 and Mη2 = 87. We measure the output
error in the test data maxµ∈ΞNtest

|s̃N(µ) − sh(µ)| = 2.55 × 10−6 < δrb,pr = 5 × 10−5

and maxµ∈ΞNtest
|s̃N(µ) − sN(µ)| = 1.96 × 10−6 < δr = 5 × 10−6. We see that we have

precise control of the output error. We measure the error in the DWR error estimate
maxµ∈ΞNtest

|η̃N(µ)−ηh(µ)| = 4.05×10−6 < δrb,du = 1.25×10−5 and maxµ∈ΞNtest
|η̃N(µ)−

ηN(µ)| = 4.52×10−8 < max(δη1 , δη2) = 1.25×10−6. Here we notice that the error control
for the DWR error estimate is also tight. We note that our DWR error estimate is also
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Figure 6.9: Convergence for lid-driven cavity flow
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Figure 6.10: EQP points for lid-driven cavity flow

effective because the DWR error estimate closes matches the output error, as shown in
figure 6.9b.

We plot the EQP points for the lid-driven cavity flow problem in figure 6.10 to make
EQP more concrete. We see that the quadrature points concentrate to the upper bound-
ary, especially in the corners, where the boundary conditions are inhomogeneous and
vary in time. We note that the quadrature points in the upper corners are likely chosen
because this is where y-velocity has the largest gradients. We further note that the rules
associated with LPη,1 and LPη,2 both select some of the same quadrature points and that
we separate LPη,1 and LPη,2 for precisely this reason. We also plot the solution, overlayed
with the adaptively refined mesh in figure 6.11 and we see that the mesh is more refined
toward the upper boundary, which corresponds to the thin boundary layer in the v1 field.
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(a) x1 velocity (b) x2 velocity

Figure 6.11: Velocity field for lid-driven cavity flow for Re = 100 and ω = 2π at t = 1

LPr LPq LPη1 LPη2 total
Construct 1.28 0.120 0.513 0.956 2.87

Solve 0.034 0.0080 0.0011 0.0018 0.0451

Table 6.5: Normalized offline time for LPEQP for ΞNgreedy

6.2.3 Offline Computational Cost

We will now discuss the cost of the greedy offline training. The primary training costs
are associated with (i) solving the primal and dual FE problems, (ii) following the LP
procedures to construct the EQP rules, and (iii) evaluating the ROMs for µ ∈ ΞNtrain

in
the bootstrapping stage. We also note that the initial AMR procedure to determine the
spatial and temporal discretizations is more costly than subsequent FE solves, so we will
separate this cost from the cost of the other FE solves. We normalize all times using the
time for one primal FE solve for µ = (100, 2π).

The initial AMR procedure entails a normalized cost of t̂fe,amr = 10.2, while all subse-
quent FE solves have a combined cost of (i) t̂fe,pr = 2.00 to solve the primal problem, (ii)
t̂fe,dwr = 5.04 to verify that the desired error tolerance is satisfied (i.e., solve dual problem
on a uniformly refined mesh and evaluate the DWR error estimate), and (iii) t̂fe,du = 1.50

to collect snapshots for the dual RB space by solving the dual FE problem (without
uniform mesh refinement). Next we perform POD and choose both Npr (t̂Npr = 0.182)
and Ndu (t̂Ndu

= 0.155). After choosing Npr and Ndu, we must solve the dual problem
projected onto the primal RB space (t̂rb,β,pr = 1.11) and the tangent problem projected
onto the dual RB space (t̂rb,χ,du = 0.824). A break-down of the costs to construct the
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primal output DWR (dual) DWR (eval) total
FE 1 0.0122 0.504 0.0344 1.55
RB 0.523 0.0196 0.0997 0.0257 0.668

RB-EQP 0.0340 5.79× 10−4 0.0091 0.0013 0.0449

Table 6.6: Normalized online computational time for lid-driven cavity flow

constraints and solve the LP for all LP procedures for ΞNgreedy
is provided table 6.5, and

their total cost is t̂eqp,total = 2.92. After we construct the EQP rules, we solve the primal
RB-EQP problem (t̂eqp,boot,pr = 5.78) and evaluate the RB-EQP DWR error estimate
(t̂eqp,boot,du = 2.41 ) for µ ∈ ΞNtrain

, which entails a total cost of t̂eqp,boot,total = 8.19,
where Ntrain = 80. The total cost of the greedy training algorithm for three iterations
is t̂greedy,total,iter = 32.1, which is much lower than performing Ntrain = 80 primal solves.
This demonstrates the efficiency and reliability of the greedy algorithm.

We also choose Nrandom = 5 so that Ngreedy,min = 8. The cost to solve the primal RB
problem is t̂rb,α,pr,min = 4.10, while the cost to solve the dual problem in the primal RB
space is t̂rb,β,pr,min = 1.14. After we construct the LPr EQP rule for ΞNgreedymin

, we solve
the dual RB problem (t̂rb,β,du,min = 0.772) and we solve the tangent problem projected
onto the dual RB space (t̂rb,χ,du,min = 1.21). The total cost of EQP for ΞNgreedy,min

is
t̂eqp,min = 4.49. The total cost of the training procedure associated with ΞNgreedy,min

is
t̂greedy,total,min = 10.9. This brings the total cost of the greedy algorithm to t̂greedy,total =

t̂greedy,total,iter + t̂greedy,total,min = 43.0, which is still much lower than performing Ntrain = 80

FE solves.

6.2.4 Online Computational Cost

We will now discuss the online computational cost of our ROMs. We normalize all
computational times using the time to perform one primal FE solve for µ = (100, 2π).
We present the normalized times in table 6.6. We notice that the speed-up introduced
by the RB model is larger when solving the primal and dual problems as compared to
evaluating the output or the DWR error estimate. The cost of evaluating functionals
using the RB model still depends on Nh, but the RB model decreases the cost of the
nonlinear solvers because the systems are smaller (N instead of Nh). The RB-EQP solver
leads to a speed-up of 29.3 to solve the primal problem and evaluate the output, while
it leads to a speed-up of 51.9 to solve the dual problem and evaluate the DWR error
estimate. The RB-EQP solver leads to a total speed-up of 34.5 with respect to the FE
solver.



Chapter 7

Conclusion

7.1 Summary

This thesis presents work on goal-oriented model reduction for time-dependent nonlinear
parametrized PDEs. In chapter 2 we present an overview of existing model reduction
methods, while in section 2.3.3 we outline why hyperreduction methods are necessary for
nonlinear problems, then we briefly discuss four existing hyperreduction methods (EIM,
GNAT, ECSW, and EQP) following our discussion of hyperreduction in section 2.3.5.
In chapter 3 we present the existing EQP framework in much more detail. In particular
we present the goal-oriented EQP and DWR EQP frameworks for steady problems in
sections 3.3 and 3.4, respectively. In section 3.5 we present an alternate approach to
DWR EQP using the dual-of-the-dual approach, which solves the tangent equation (3.22),
that we use to extend DWR EQP to time-dependent problems in section 4.5.1. In
chapter 4 we present a goal-oriented EQP framework and a DWR EQP framework for
time-dependent problems, then in chapter 5 we present an efficient and automated offline
training procedure (algorithm 1 in section 5.1). In chapter 6, we present numerical results
to demonstrate that our model reduction method is (i) rapid, (ii) reliable, (iii) efficient,
and (iv) automated for a nonlinear reaction-diffusion equation and a lid-driven cavity flow
problem, both of which are unsteady. We examine the computational cost of both the
offline and online stages and find that our offline stage is efficient, while our online stage
is rapid. We also find that our output evaluation is rapid and reliable in the online stage,
and that we are able to evaluate our DWR error estimates rapidly for any parameter,
meaning that we have reliable simulations. In the next section we will discuss directions
for future work.

86



Chapter 7. Conclusion 87

7.2 Future Work

In the future, we wish to extend our work on goal-oriented model reduction for time-
dependent problem in several directions:

• Application to larger-scale problems with more complex nonlinearities. We wish
to apply the goal-oriented EQP framework to time-dependent aerodynamic flows
and to multi-component problems with a nonlinearity that is higher than second-
order (i.e., to a lid-driven cavity flow with a turbulence model at higher Reynolds
numbers, as the lid-driven cavity flow presented in section 6.2 has a second-order
nonlinearity).

• Application to many-query time-dependent problems. We are also interested in
demonstrating the framework in the context of uncertainty quantification, optimiza-
tion, and digital flight-envelope characterization so that we can further demonstrate
its value. The FE simulations needed to enable these many-query applications are
computationally expensive, but this framework will allow users to perform simu-
lations for a larger number of parameters more rapidly than would otherwise be
possible, which will further enhance the performance of applications in the many-
query context.

• Stability analysis. We wish to analyze the nonlinear stability of the RB-EQP
method, particularly for convection-dominated problems. While we did not en-
counter major convergence problems for the problems tested, both the theoretical
and practical understanding of the stability of the method is important to address
more challenging problems discussed above. It is shown in [47] that a ROM based
on the RB-EQP hyperreduction procedure inherits the energy stability of a dis-
continuous Galerkin discretization scheme for linear convection-diffusion systems.
We wish to extend the formulation to provide guaranteed nonlinear (or entropy)
stability.

• Improving the autonomy of the greedy algorithm. While the proposed simultaneous
RB-EQP offline training algorithm eliminates much user intervention in construct-
ing a reliable ROM, some aspects of the algorithm could be further improved.
For instance the current algorithm requires the selection of Nrandom parameters for
EQP training to improve the parametric robustness of the error estimate of the
EQP rules. We would like to avoid using tuning parameters, such as Nrandom, so
that users need only specify the desired error tolerances.
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