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Abstract

The ensemble Kalman filter is commonly used to perform sequential data assimilation in
science and engineering because of its robust performance and scalability when the state
space dimension is high. However, the standard EnKF generates spurious oscillations when
applied to compressible flows with shocks; the cause is the uncertainty, across the ensemble,
in the shock location. This paper develops the level set EnKF, which overcomes this challenge
by employing a nonlinear mapping from the original state space into a latent space in which
the analysis step is undertaken. The latent representation comprises a level set function that
encodes the discontinuity location and smooth state extensions, defined over the full physical
domain, that represent the solution on either side of the discontinuity. We first formulate
the level set EnKF as a specific instance of a more general approach of performing data
assimilation in a latent space. We then demonstrate the feasibility of the level set EnKF for
several one-dimensional compressible flows and a two-dimensional blast wave.

Keywords: data assimilation, ensemble Kalman filter, shocks, shock detection,
discontinuities, level set.

1. Introduction

1.1. Goal
Sequential and variational data assimilation (DA) methods have proved successful at

combining predicted partial differential equation (PDE) models with partial, noisy obser-
vations, to improve state estimates and enable uncertainty quantification. However, many
standard methods for large-scale problems fail in the presence of shocks and other disconti-
nuities [1, 2, 3]. In this paper, we consider ensemble-based sequential DA for compressible
flows with sharp discontinuities (i.e., shocks and contact surfaces). We present a general

∗Corresponding author.
Email address: msleeman@caltech.edu (Michael K. Sleeman)



framework in which the analysis step is applied in a latent space, rather than the original
state space, to address the failure modes of standard ensemble methods near discontinuities.

We then develop a specific implementation of this framework, which we term the level set
EnKF. The method relies on three key ingredients: (i) hyperbolic tangent profiles to model
numerically smeared discontinuities, (ii) gradient-based detection of candidate discontinuity
locations, and (iii) a nonlinear least-squares optimization to identify the level set represen-
tation. These three ingredients together result in a latent1 representation in terms of a level
set function, which encodes discontinuity location, and smooth state extensions, from either
side of the discontinuity, defined everywhere on the physical domain. We demonstrate that
performing the analysis step of EnKF in the resulting latent space preserves sharp disconti-
nuities. The approach is illustrated for several one-dimensional (1D) compressible flows and
for a two-dimensional (2D) blast wave problem.

1.2. Literature Review and Context
Physical phenomena can be investigated through a combination of observation and math-

ematical modeling. Sensors provide physically grounded measurements but are inherently
limited by noise, finite spatio-temporal resolution, and incomplete observability. In contrast,
mathematical models based on PDEs, when discretized and solved numerically, provide ac-
cess to the complete state at arbitrary resolution, but at the expense of errors, for example
in the initial and boundary conditions. DA offers a principled framework to combine models
and data to obtain improved state estimates [4] and to perform uncertainty quantifica-
tion [5]. It has been applied to diverse fields of science and engineering, including weather
forecasting [6], turbulence modeling [7], oil reservoir simulation [8] and other problems in
the geophysical sciences [9]. More recently, DA has been increasingly applied to flow estima-
tion and prediction in fluid mechanics [10, 11, 12, 13, 14, 15, 16]. While much of this work
has focused on incompressible and smoothly varying flows, there is growing interest in DA
for high-speed compressible flows [17, 18, 19, 20] and for flows containing shocks and other
discontinuities [1, 2, 3].

We first review sequential DA methods for compressible flows and other problems with
discontinuities in Subsubsection 1.2.1. We then review methods for shock detection in Sub-
subsection 1.2.2 and recent work on hyperbolic tangent representations of discontinuities in
Subsubsection 1.2.3; these topics are relevant because the proposed method requires that
discontinuities be detected explicitly, and we choose to model discontinuities using the hy-
perbolic tangent function.

1The level set representation is higher dimensional than the physical space representation, but a latent
representation need not reduce the dimension of the state; generally latent spaces are sought, in many areas
of science and engineering, to identify a space in which computations may be performed favorably because,
in some relevant topology, points are close together in the latent space. The level set representation for
shocks enables the EnKF analysis update to preserve sharp features present in the forecast ensemble.
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1.2.1. Sequential DA for Compressible Flows
The filtering distribution is defined through an iterative Bayesian framework: model

prediction using the underlying PDE provides a prior distribution; this prior information
is updated using observational data to obtain a posterior prediction in what is known as
the analysis ; the process of prediction and analysis is cycled to incorporate observations
sequentially in time. Filtering algorithms, or simply filters, refer to a class of sequential
DA algorithms designed to approximate the filtering distribution. Here we study filters for
compressible flows modeled by the compressible Euler equations (see Appendix A), whose
solutions contain shocks and contact surfaces.

The bootstrap particle filter (PF) [21, 22, 23] employs a set of weighted particles to
approximate the filtering distribution; it applies quite generally and, in particular, converges
to the true filtering distribution, in the large particle limit, without making any Gaussian
assumptions. However, the method suffers from weight collapse in which all but one particle
carry negligible weights. This issue is particularly pronounced for problems in which the
state space dimension is high [24, 25], such as the spatially discretized Euler equations. As a
consequence, the ensemble Kalman filter (EnKF) [4, 26], which works with equally weighted
ensemble members, is widely used in high dimensional settings. However, the EnKF is
most effective when uncertainties are well approximated by Gaussian distributions. This
assumption is problematic for compressible flows with shocks: when the shock location is
uncertain, the state distribution at a fixed spatial location within the range of possible shock
locations can become bimodal, since different ensemble members may place that location on
different sides of the shock [3]. The EnKF analysis step can then mix pre- and post-shock
states, producing nonphysical oscillations near the discontinuity, as observed by Houba et
al. [1] for 1D shock propagation problems.

Houba et al. [1] show that the PF preserves shocks in compressible flows, provided that
all forecast states contain the same number of shocks. However, weight collapse remains a
problem in general. To mitigate this issue, Subrahmanya and Sandu [27] combine the Ensem-
ble Transform Particle Filter (ETPF) [28] with dynamic time warping (DTW) [29] to align
features when taking convex combinations of particles. They further employ underweighting
(i.e., inflation of the assumed observation-error covariance), to delay weight collapse.

Despite this body of work, weight collapse remains a limitation of particle-filter-based
methods, motivating the development of EnKF-based approaches for filtering problems with
discontinuities. Recent work by Edoh et al. [2] applied the EnKF to transformed variables
to enforce positivity, although this transformation does not address the spurious oscillations
caused by misaligned discontinuities. More recently, several methods have instead applied
the EnKF in a latent space. Zhou et al. [3] developed the neural EnKF, which represents the
state using the weights and biases of a neural network and performs DA in this latent space.
Chandravamsi et al. [30] similarly learn a shared decoder that maps latent variables to the
physical state and perform DA in the learned latent space. The morphing EnKF of Beezley
and Mandel [31] instead constructs a latent space using image registration [32], comprising an
invertible registration map together with the aligned state. Originally developed for wildfire
forecasting, it has recently been extended to compressible flows [33].
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The DA approaches above illustrate how performing the EnKF step in a latent space
yields an improved analysis step for �elds with discontinuities. This principle has also been
explored for inverse problems by Chada et al. [34], who used level set based latent space to
solve inverse problems with ensemble Kalman inversion (EKI). That paper deploys the level
set methodology to reconstruct piecewise constant and piecewise continuous �elds. Their
parameterization is related to the level set representation that we develop in Section 3. Im-
plementing the resulting inversion methodology requires only a map from the latent space to
physical space, which is straightforward. In contrast, the present work addresses a sequential
�ltering problem and therefore requires repeated interaction with the PDE solver. Conse-
quently, it also requires a map from physical space to latent space, which is considerably
more challenging. The present work develops e�cient tools for doing so.

1.2.2. Shock Detection
Shocks and contact surfaces have a �nite width, but this width is small compared to

macroscopic �ow scales, and they can be idealized to have in�nitesimal width [35]. However,
numerical solutions to the compressible Euler equations smear shocks and contact surfaces
over multiple cells [36], which makes it challenging to precisely identify locations of discon-
tinuities. Here, we review methods for detecting shocks and contact surfaces.

Shock-capturing methods solve hyperbolic conservation laws, such as the Euler equations,
while allowing shocks and other discontinuities to form without explicitly tracking their
locations. They use numerical dissipation to spread discontinuities over a few grid cells and
suppress spurious oscillations [36]. This dissipation may be introduced through arti�cial
viscosity [37], but is more commonly built into Godunov-type schemes, including monotonic
upstream-centered schemes for conservation laws (MUSCL) [38] and weighted essentially
non-oscillatory (WENO) methods [39]. We refer to Appendix A and Toro [36] for a more
detailed treatment of shock-capturing methods for the Euler equations.

Although shock-capturing methods do not explicitly track discontinuities, many schemes
that rely on arti�cial di�usion use shock sensors2 to adaptively increase arti�cial di�usion
in regions with large solution gradients. Jameson et al. [40] introduced an adaptive arti�cial
viscosity method based on a pressure sensor, Ducros et al. [41] developed a related sensor
based on the velocity �eld, and Moro et al. [42] later proposed a dilation-based shock sensor.
Despite their widespread use for controlling arti�cial dissipation, shock sensors have been
used less often for explicit detection of shock location. We note, however, that Razavi and
Yano [43] used the dilation-based sensor of Moro et al. to locate shocks.

Wu et al. [44] reviewed methods for shock detection, including the Normal Mach number
approach of Lovely and Haimes [45] and the characteristic-based approach of Kanamori
and Suzuki [46]. More recent methods have used image-processing and machine-learning
techniques: Fujimoto et al. [47] used Canny edge detection [48], Liu et al. [49] developed a
convolutional neural network (CNN)-based shock detector, and Chang et al. [50] developed a

2Here, a shock sensor refers to a numerical method used to identify regions containing shocks or other
sharp discontinuities, rather than a physical measurement device.

4



cluster-analysis method to detect shocks. The proposed level set representation method (see
Section 3) can be adapted to employ any future improvements in robust shock detection.

1.2.3. Modeling Sharp Gradients Using Hyperbolic Tangent Pro�les
In the present work, shocks and contact surfaces are represented using hyperbolic tangent

pro�les. This representation is related to the tangent of hyperbola for interface capturing
(THINC) method introduced by Xiao et al. [51], in which hyperbolic-tangent pro�les are
used to capture moving interfaces in multi-�uid simulations. Baumgart et al. [52] similarly
represented shocks using hyperbolic tangent pro�les and estimated the pro�le parameters
through least-squares regression; the present work employs a similar approach.

Although THINC was not originally developed to sharpen numerically smeared discon-
tinuities, Fukushima and Kitamura [53] applied it to discontinuities smeared by MUSCL
schemes. They found that the method sharpened contact surfaces and weak shocks with-
out introducing numerical oscillations, whereas sharpening strong shocks produced spurious
oscillations. We explore using our hyperbolic tangent representation to sharpen shocks in
Appendix B, and we �nd that doing so leads to oscillations. Therefore, we sharpen only
contact surfaces. More generally, numerical solutions of the Euler equations introduce an
intrinsic length scale associated with the width of a shock, and we seek a level set represen-
tation that preserves this scale.

1.3. Numerical Solutions of the Euler Equations
In this work, we model compressible �ows using the Euler equations, as outlined in Ap-

pendix A. We solve these equations numerically using the open-source solver M2C (Multi-
physics Modeling and Computation) [54], which implements a MUSCL scheme [38]. We
compute numerical �uxes using a local Lax-Friedrichs approximate Riemann solver and in-
tegrate in time using an explicit second-order Runge-Kutta scheme. We refer to Toro [36] for
more details on compressible �ow solvers. Throughout this work, all level set representations
and level set EnKF updates are constructed from cell-centered solution values.

1.4. Latent Space EnKF and the Level Set Representation
The neural-network-based approaches of Zhou et al. [3] and Chandravamsi et al. [30]

perform the EnKF in a learned latent space rather than directly in the physical state space.
Similarly, the morphing EnKF [31] de�nes a latent space consisting of a registration map and
the corresponding aligned state representation. In this work, we present a general framework
for latent-space EnKF methods, of which these approaches are speci�c instances.

A suitable transformation to latent space should satisfy three properties:

1. its inverse should accurately reconstruct the physical state;
2. its inverse should be feature-preserving; and
3. the latent representation should vary smoothly across ensemble members.

The �rst property limits reconstruction error, while the second ensures that latent space
perturbations preserve sharp physical features, such as shocks. The third makes the latent
space more amenable to the linear combinations performed by the EnKF.
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In the level set EnKF, level set functions encode discontinuity locations through their
zero level sets, while smooth state extensions represent the solution on either side of each
discontinuity. This representation is designed to satisfy the criteria above: reconstructing
from the latent variables preserves sharp discontinuities, and separating discontinuity loca-
tions from smooth state values yields latent variables that vary smoothly across ensemble
members.

1.5. Contributions and Paper Outline
The primary contribution of this paper is the development of the level set representa-

tion and its application to feature-preserving DA for systems with discontinuities via the
level set EnKF. We show that the method performs well for 1D and 2D compressible Euler
problems with uncertain shock locations. Beyond its application to DA, the level set rep-
resentation could also be used to extract shock properties from CFD data. In particular,
the representation yields the shock location and state values on either side of the shock,
allowing the shock strength and propagation speed to be computed. Conversely, advances
in shock-detection methods could improve future implementations of the level set represen-
tation. A secondary contribution is that we present a general framework for latent space
EnKF; we place the level set methodology in this framework and highlight that the existing
neural-network-based methods [3, 30], and the morphing EnKF [31], are speci�c instances
of this framework.

Section 2 introduces the notations for the standard and transformed EnKFs. Section 3
develops the level set representation for 1D scalar �elds with one or more discontinuities,
while Section 4 demonstrates its application to solve data assimilation problems arising in
the 1D Euler equations. In particular Section 4 demonstrates the level set EnKF for the
1D compressible Euler equations by applying it to Toro's shock tube problem [36], the Shu-
Osher shock-entropy problem [55], and Sod's shock tube problem [56]. Section 5 extends the
level set representation so that it may be used to enable DA for solutions of the 2D Euler
equations; and we illustrate the methodology when applied to data assimilation for the blast
wave problem investigated in [27]. We conclude in Section 6.

2. EnKF and Discontinuous Flow Fields

We �rst review the standard EnKF in Subsection 2.1. We then introduce the transformed
EnKF in Subsection 2.2, discuss methods to construct appropriate latent space transforma-
tion in Subsection 2.3, and demonstrate the transformed EnKF for a hyperbolic tangent
pro�le in Subsection 2.4.

2.1. Standard EnKF
Consider a discretized physical state zj 2 RN z at observation times tj for j = 1; : : : ; J 3.

Let operator P : RN z ! R N z advance the state between observation times, assuming that

3For ease of exposition we assume that these times are equally spaced, but this assumption is readily
dispensed with in what follows.
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this is de�ned by a (discretized) autonomous PDE. This leads to the prediction (forecast)

bz j+1 = P(z j ); j = 1; : : : ; J � 1: (1)

Here, and in what follows,c(�) denotes a predicted quantity.
Let H : R N z ! R Nd denote the observation operator, which maps the state to the

observation space. If both the dynamical model (1), and the observation operator H are
linear, and if model errors are Gaussian (or zero), along with Gaussian measurement errors
with zero mean and known covariance, then the Kalman �lter provides the optimal state
estimate [57]. For nonlinear problems, the extended Kalman �lter (EKF) [58] linearizes the
dynamics and observation operator so that the Kalman �lter can be applied locally. However,
the cost of propagating the full state covariance matrix is prohibitive for high-dimensional (in
state space) problems. To address this challenge, the EnKF [26] approximates the covariance
using an ensemble of Ne states

Z j =
h
z (1)

j ; � � � ; z (N e)
j

i
; j = 1; : : : ; J; (2)

where Zj 2 RN z �N e . Similarly we introduce

bZ j+1 =
h

bz (1)
j+1 ; � � � ; bz (N e)

j+1

i
; j = 0; : : : ; J � 1; (3)

H
� bZ j+1

�
=

h
H

�
bz (1)

j+1

�
; � � � ; H

�
bz (N e)

j+1

� i
; j = 0; : : : ; J � 1: (4)

Using bZ j+1 and H
� bZ j+1

�
the analysis operator for the EnKF may be de�ned and takes the

form A : RN z �N e � R Nd ! R N z �N e . From it we obtain the analysis step

Z j+1 = A( bZ j+1 ; d j+1 ); j = 1; : : : ; J � 1; (5)

which updates the ensemble of states to obtain Zj+1 from the predicted statesbZ j+1 and the
sensor data dj+1 2 RNd . The standard EnKF cycle can then be summarized as

Z j+1 = A
�
P(Z j ); d j+1

�
; j = 1; : : : ; J � 1; (6)

where we apply the prediction operator columnwise to Zj .
We next describe how to realize the analysis operator A in (5) using the EnKF. From

the forecast ensemblebZ j+1 we compute the ensemble mean

bz j+1 =
1

Ne

NeX

n=1

bz (n)
j+1 ; (7)

and the ensemble perturbations

bZ 0
j+1 =

1
p

Ne � 1

h
bz (1)

j+1 � bz j+1 ; : : : ; bz (N e)
j+1 � bz j+1

i
: (8)
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We also compute the predicted observations

bYj+1 =
h

by (1)
j+1 ; : : : ; by (N e)

j+1

i
=

h
H( bz (1)

j+1 ); : : : ; H( bz (N e)
j+1 )

i
; (9)

where
y (n)

j = H(z (n)
j ); j = 1; : : : ; J; (10)

so that bYj+1 2 RNd �N e . From this we can de�ne the predicted observation mean

by j+1 =
1

Ne

NeX

n=1

by (n)
j+1 ; (11)

and the associated perturbations

bY 0
j+1 =

1
p

Ne � 1

h
by (1)

j+1 � by j+1 : : : by (N e)
j+1 � by j+1

i
: (12)

Let R 2 R Nd �N d denote the observation-error covariance, and draw independent pertur-
bations � (n)

j+1 � N (0; R). Then the forecast states are updated based on the predicted
observations and the observed data dj+1 2 RNd as

z (n)
j+1 = bz (n)

j+1 + bZ 0
j+1

bY 0T
j+1

�
bY 0

j+1
bY 0T

j+1 + R
� �1 �

d j+1 + � (n)
j+1 � by (n)

j+1

�
: (13)

Stacking into a matrix we obtain

Z j+1 =
h
z (1)

j+1 ; � � � ; z (N e)
j+1

i
; j = 1; : : : ; J; (14)

completing our de�nition of the analysis stepbZ j+1 7! Z j+1 : here, (13) is a concrete realization
of the analysis operator A in (5).

Remark 1. Zhou et al. [3] explain the failure of the standard EnKF for problems with shocks
in terms of pointwise violation of the unimodal (near Gaussian) behavior that is implicit in
its derivation. An alternative perspective follows from function approximation. The EnKF
subspace property [59], discussed for inverse problems in [60], implies that each analysis
ensemble member z(m)

j+1 lies in the linear span of the forecast ensemblebZ j+1 . Consequently,
applying the standard EnKF analysis step directly in physical state space leads to approxima-
tion of shock pro�les in the linear span of other shock pro�les. When shock locations di�er
across ensemble members, these linear combinations distort sharp features; such features are
preserved only when they are aligned throughout the forecast ensemble.

2.2. Transformed EnKF
The standard EnKF formulation in Subsection 2.1, and in particular the update formu-

lae (13) together with Remark 1, make explicit that each analysis update lies in the linear
span of the forecast ensemble. This linear span is generally not well suited to approximating
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functions with shocks and other discontinuities. The morphing EnKF [31, 33] and recent
neural-network-based approaches [3, 30] both address this issue by applying the EnKF in a
latent space. The morphing EnKF constructs a latent representation consisting of a regis-
tration map and aligned state representations, whereas the neural network-based methods
employ learned latent representations. This observation motivates a general framework for
applying the EnKF in feature-preserving latent spaces.

Let T : RN z ! R N � denote a transformation from physical state space to a latent space
of dimension N� such that

b� (n)
j+1 = T ( bz (n)

j+1 ); (15)

with b� (n)
j+1 2 RN � . Assume that it admits a reconstruction map T�1 : RN � ! R N z with

small reconstruction error, kT�1 (T (z)) � zk 2
2; T �1 is thus an approximate inverse. The

corresponding latent space DA cycle is then

Z j+1 = T �1
�

A
�
T

�
P(Z j )

�
; d j+1

� �
; j = 1; : : : ; J � 1: (16)

Here, T and T�1 are applied columnwise to the state ensemble. Thus, (16) is the latent
space analogue of the standard EnKF cycle (6).

Next, de�ne the ensemble

b� j+1 =
h

b� (1)
j+1 ; : : : ; b� (N e)

j+1

i
; (17)

with mean

b� j+1 =
1

Ne

NeX

n=1

b� (n)
j+1 ; (18)

and perturbations

b� 0
j+1 =

1
p

Ne � 1

h
b� (1)

j+1 � b� j+1 � � � b� (N e)
j+1 � b� j+1

i
: (19)

De�ne H � : RN � ! R Nd by H � = H �T �1 . Then we can compute the predicted observations
from the transformed state using

by (n)
�;j+1 = H � ( b� (n)

j+1 ): (20)

This yields the ensemble-predicted observations

bY�;j+1 =
h

by (1)
�;j+1 ; : : : ; by (N e)

�;j+1

i
=

h
H � ( b� (1)

j+1 ); : : : ; H � ( b� (N e)
j+1 )

i
; (21)

with mean

by �;j+1 =
1

Ne

NeX

n=1

by (n)
�;j+1 ; (22)
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and perturbations

bY 0
�;j+1 =

1
p

Ne � 1

h
by (1)

�;j+1 � by �;j+1 : : : by (N e)
�;j+1 � by �;j+1

i
: (23)

Then the analysis update in the latent space can be written

� (n)
j+1 = b� (n)

j+1 + b� 0
j+1

bY 0T
�;j+1

�
bY 0

�;j+1
bY 0T

�;j+1 + R
� �1 �

d j+1 + � (n)
j+1 � by (n)

�;j+1

�
: (24)

We may stack these as in (14) to obtain �j+1 , completing our de�nition of the analysis step
b� j+1 7! � j+1 . We then recover the analysis state in the original state space as Zj+1 =

T �1 (� j+1 ), thus completing our de�nition of the transformed analysis stepbZ j+1
T7! Z j+1 .

Note that the sensor data dj+1 and observation-error covariance R remain de�ned in the
original observation space.

2.3. Constructing Latent Space Transformations
As outlined in Subsection 1.4, we seek a transformation T with small reconstruction

error, a feature-preserving reconstruction map T�1 , and a latent representation that varies
smoothly across ensemble members. The morphing EnKF [31, 33] achieves these properties
through image registration: the latent variables comprise aligned state representations and
registration maps, which vary smoothly across the ensemble, while the inverse transforma-
tion reconstructs sharp features by warping the aligned state with the registration map. The
neural-network-based approaches [3, 30] instead learn the latent transformation from data.
Both neural-network-based approaches include a reconstruction loss, while nonlinear activa-
tion functions promote feature-preserving reconstructions. In addition, the neural EnKF [3]
encourages latent-space smoothness through nearest-neighbor chain training, whereas the
decoder-based approach [30] promotes it implicitly through the joint learning of latent vari-
ables and a shared decoder.

In the morphing EnKF, the reconstruction map T�1 is obtained by applying the inverse
registration map to the aligned state representation, whereas in the neural-network-based
approaches it is speci�ed by the neural network architecture. In both cases, the corresponding
encoding map T is de�ned implicitly, either by solving a registration problem or through
neural network training. Following this perspective, throughout this paper, we specify T�1

explicitly and de�ne T implicitly through an optimization problem.

2.4. Transformed EnKF for a Hyperbolic Tangent Pro�le
Consider the parameterized hyperbolic tangent

H � (x; cL ; cR ; xs) =
cL + cR

2
�

cL � c R

2
tanh

�
x � x s

�

�
: (25)

We de�ne the reconstruction T�1 : RN � ! C(
) by

T �1 (�)(x) = H � (x; cL ; cR ; xs); (26a)
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with transformed coordinates
� = (c L ; cR ; xs; �) 2 X (26b)

and latent space
X � R � R � 
 � R >0 : (26c)

We then de�ne T : C(
) ! R N � through the minimization problem

� � = arg min
�2X

J(�; c L ; cR ; xs; �); (27a)

with objective function

J(�; c L ; cR ; xs; �) =
Z




�
�T �1 (�)(x) � H � (x; cL ; cR ; xs)

�
�2

dx: (27b)

so that
T

�
H � (x; cL ; cR ; xs)

�
= (c L ; cR ; xs; �): (27c)

No regularization is needed to promote latent space smoothness because, in this special
case, the reconstruction map exactly matches the parameterization used to generate the
data, whose latent variables are Gaussian.

We now demonstrate the transformed EnKF for (25) with reconstruction function (26).
We set 
 � [0; 1] with grid x i = i�x for i = 0; : : : ; N z � 1, where �x = 1=(N z � 1), so that
x 2 R N z . In the numerical experiments presented below we take Nz = 400 and � = 4�x,
with the same width for both the reference truth and all ensemble members. We de�ne a
reference truth pro�le zy = H � (x; c y

L ; cy
R ; xy

s), with cy
L = 2, cy

R = 1, and xy
s = 0:55, which

we will observe noisily at four points evenly distributed between x = 0:2 and x = 0:8. Let
x obs 2 RNd denote these points, with

xobs;i = 0:2 + i0:2; i = 0; : : : ; 3: (28)

The corresponding data vector d 2 RNd has entries

di = H � (xobs;i ; cy
L ; cy

R ; xy
s) + � i ; i = 0; : : : ; N d � 1; (29)

where � � N (0; R) for the observation-error covariance R, whose diagonal entries are given
by Rii = maxf0:1d i ; 0:05g. This choice imposes a relative observation error of 10% and an
absolute error of 0.05.

Remark 2. In Subsection 2.1, we introduce the state vector zj+1 2 RN z . For one-dimensional
problems, Nz is equal to the number of grid points in the x direction. We use the notation
Nz instead of Nx for consistency with Subsection 2.1.

We construct an ensemble of Ne = 30 members by sampling, for n = 1; : : : ; Ne,

c(n)
L � N (2; 0:2 2); c(n)

R � N (1; 0:1 2); x (n)
s � N (0:5; 0:05 2); (30)

11



(a) Standard EnKF (b) Transformed EnKF

Figure 1: Forecast and analysis ensembles for the parameterized hyperbolic tangent pro�le (25). The trans-
formed EnKF is feature-preserving, while the standard EnKF introduces spurious oscillations.

and setting z(n) = H � (x; c (n)
L ; c(n)

R ; x(n)
s ). Thus, the ensemble-mean shock location,

xs =
1

Ne

NeX

n=1

x(n)
s = 0:5;

di�ers from the reference truth value xy
s = 0:55.

Figure 1a shows that, although the forecast ensemble consists entirely of hyperbolic tan-
gent pro�les, the analysis ensemble produced by the standard EnKF (13) does not. The
linear EnKF update in the physical state space introduces spurious oscillations near the dis-
continuity (see Remark 1). In contrast, Figure 1b shows that performing the analysis step
with the transformed EnKF (24) in the latent variables de�ned by (27) preserves the hy-
perbolic tangent structure. This is because the reconstruction map (26) enforces hyperbolic
tangent pro�les by construction.

3. Level Set Representations for 1D Scalar Fields

In this section, we generalize the transformed EnKF approach of Subsection 2.4 by allow-
ing the left and right states to vary with x, rather than remain constant, to better represent
the spatially varying functions encountered in compressible �ows. We formulate a regularized
optimization problem to identify the level set representation, such that uncertainty in the
shock location is decoupled from uncertainty in the solution on either side of the shock. This
decoupling yields a representation that varies smoothly across ensembles of similar solutions,
and hence identi�es a latent space that is favorable for the analysis step in the DA cycle.
In Subsection 3.1, we consider problems with a single discontinuity and de�ne a regularized
optimization problem that ensures the desired properties of the level set representation. In
Subsection 3.2 we extend the methodology to multiple discontinuities. The key ideas, namely
the level set representation and the optimization problem to determine it, are contained in
the main body of the text; details of our speci�c implementation of the methodology are
presented in Appendix C.
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3.1. 1D Level Set Representation for a Scalar Field with a Single Discontinuity

For a single discontinuity in 1D, we propose the reconstruction map

T �1 (�)(x) =
f L (x) + f R(x)

2
�

f L (x) � f R(x)
2

tanh
�

x � x s

�

�
; (31a)

where
� = (f L ; f R ; xs; �); � 2 X (31b)

for
X � C 1(
) � C 1(
) � 
 � R >0 : (31c)

Here, C1(
) is the space of functions on 
 with continuous �rst derivatives, f L and fR

are smooth, globally de�ned, state extensions to the left and right of the discontinuity,
respectively, xs is an estimate of the discontinuity location, and � is an estimate of its width.

Remark 3. As discussed in Subsection 1.4, we seek a feature-preserving latent representa-
tion, so that perturbations in latent variables preserve sharp features in physical space. In
the present setting, this property is achieved through the nonlinear reconstruction map (31a),
which introduces nonlinearity through the hyperbolic tangent function. Similarly, neural
network-based approaches obtain nonlinear reconstruction maps through their activation func-
tions, while the morphing EnKF does so through its registration map. This nonlinearity is
important because the standard EnKF analysis update is con�ned to the linear span of the
forecast ensemble; as discussed in Remark 1, linear combinations of states with misaligned
discontinuities generally do not preserve sharp features. Thus, for ensembles with uncertain
discontinuity locations, feature-preserving latent representations generally require a nonlinear
reconstruction map.

Remark 4. We refer to (31a) as a level set representation because the discontinuity is
encoded by the location xs, which is the zero level set of the signed distance function

'(x) = x � x s: (32)

We do not explicitly use this level set function in 1D, since the discontinuity location can be
parameterized directly by xs. In 2D, however, the discontinuity is a curve, so we parameterize
it by a level set function rather than by a sequence of points; see Section 5.

3.1.1. Regularized Optimization Problem For The Level Set Representation
We seek xs, f L , and fR such that the reconstruction map (31) accurately approximates the

function f while the associated level set representations vary smoothly across an ensemble of
similar functions. In particular, we seek to encode all information about the shock location
in xs, rather than in f L and fR . To achieve this, we solve the regularized minimization
problem

� � = arg min
�2X

J(�; f ); (33a)
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with objective function

J(�) =
Z




�
�T �1 (�)(x) � f (x)

�
�2

dx

+ � 1

Z




�
jf 0

L (x)j 2 + jf 0
R(x)j 2

�
dx

+ � b(jf L (a) � f (a)j 2 + jf R(b) � f (b)j 2):

(33b)

Here, � 1 and � b are regularization parameters, where �1 promotes smoothness while �b
enforces boundary conditions.

We solve (33) using a bound-constrained trust-region re�ective nonlinear least-squares
method, with the Jacobian approximated using two-point �nite di�erences. However, directly
solving this problem from an arbitrary initialization can converge slowly. We therefore
introduce several modi�cations to reduce computational cost and improve convergence, as
detailed in Appendix C. We brie�y summarize the main ideas here.

Although (33) is formulated globally in x, we show in Appendix C.2 how to formulate
a local optimization problem over a neighborhood of the discontinuity. This reduces the
number of unknowns and residuals, yielding a smaller Jacobian and decreasing the com-
putational cost. We �rst estimate xs using the gradient of f and identify a neighborhood
about xs bounded by local minima of the gradient magnitude. We also construct smooth
initial guesses for fL and fR that yield a small reconstruction error. These choices provide
an informed initialization, and the optimization then re�nes the representation within this
neighborhood. We impose the bounds � 2 [0:1�x; 100�x] and x s 2 
, while leaving f L and
f R unbounded.

Remark 5. Note that, without regularization, one can obtain zero reconstruction error by
taking f L (x) = f(x) and f R(x) = f (x), with any � > 0 and x s 2 
. However, such a solution
encodes the shock location in fL and fR , rather than solely in xs. Consequently, fL and fR

will not vary smoothly across an ensemble of similar functions, and the resulting level set
representation fails to satisfy the desired criteria.

Remark 6. The parameters � 1 and � b balance reconstruction accuracy, smoothness of the
state extensions, and agreement with the boundary values. As discussed in Remark 5, insu�-
cient regularization allows the state extensions to encode information about the shock location,
which we wish to avoid. In contrast, excessively large values of �1 yield smooth but inaccurate
state extensions. We therefore seek the smallest �1 that suppresses shock-like gradients in
f L and fR while yielding accurate reconstruction. The parameter �b controls agreement with
the boundary values, which are imposed through a penalty rather than as hard constraints.
It can be increased until the boundary mismatch falls below a user-prescribed tolerance. The
regularization parameters are problem speci�c and should be tuned on representative ensem-
ble members, assessing both reconstruction accuracy and smoothness of the state extensions
across ensemble members. Representative values for 1D compressible �ows are presented in
Table 1 of Subsection 4.1.
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Figure 2: Identifying the level set representation of (34) by solving (33). Implementation details are presented
in Appendix C. We visualize the width by shading x 2 [x s � R�=2; x s + R�=2].

Remark 7. For simplicity, we approximate the entire Jacobian using �nite di�erences. Lo-
calizing the optimization problem substantially reduces the cost of this approximation. Further
e�ciencies could be achieved by exploiting the structure of the level set representation. In
particular, the derivative of the hyperbolic tangent is available analytically, while the Jaco-
bians of the smooth functions on either side of the discontinuity could be computed using
automatic di�erentiation. Alternatively, the smooth functions could be represented using a
low-dimensional basis, resulting in lower-dimensional Jacobians that can be evaluated ana-
lytically.

3.1.2. Demonstration of the The Level Set Representation
Here, we demonstrate the level set representation (31a) for

f (x) =
3
2

+
1
2

sin(8�(x � 0:2)) �
1
2

tanh
�

x � x y
s

� y

�
(34)

de�ned over 
 � [0; 1], with discontinuity location x y
s = 0:5, and width � y = 0:02. Figure 2

depicts (34) along with its level set representation, showing fL , f R , and xs. We visualize
the width by shading the region between the two points where tanh((x � xs)=�) achieves 1%
and 99% of its maximum value, denoted. This region has width R�, for R � 4:60, and the
corresponding interval is [xs �R�=2; x s +R�=2]. Figure 2 highlights an advantage of the level
set EnKF: its latent representation is physically interpretable. The resulting interpretability
facilitates understanding the action of the �lter and enables the incorporation of problem-
speci�c inductive biases.

3.2. 1D Level Set Representation for a Scalar Field with Multiple Discontinuities
This subsection modi�es the 1D level set procedure presented in Subsection 3.1 so that

it can be applied to a scalar �eld f (x) with multiple discontinuities. Throughout this sub-
section, we will assume that the number of discontinuities, K, is known a priori.

For K discontinuities in one space dimension, our reconstruction map becomes

T �1 (�)(x) =
KX

k=0

� k(x)f k(x); (35a)
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where

� 0(x) =
KY

j=1

(1 � H j (x)) ;

� k(x) =

 
kY

j=1

H j (x)

!  
KY

j=k+1

(1 � H j (x))

!

; k = 1; : : : ; K � 1;

� K (x) =
KY

j=1

H j (x);

(35b)

for

H j (x) =
1
2

�
1 + tanh

�
x � x s;j

� j

��
; j = 1; : : : ; K: (35c)

The latent variables are then

� = (f 0; : : : ; f K ; xs;1; : : : ; xs;K ; � 1; : : : ; � K ) ; (35d)

where
� 2 X K ; XK �

�
C1(
)

� K+1
� 
 K

< � R K
>0 ; (35e)

with

 K

< = f(x s;1; : : : ; xs;K ) 2 
 K : xs;1 < � � � < x s;K g: (35f)

In principle, we wish to solve the regularized minimization problem

� � = arg min
�2X K

J(�; f ); (36a)

with objective function

J(�) =
Z




�
�T �1 (�)(x) � f (x)

�
�2

dx

+ � 1

KX

k=0

Z




�
jf 0

k(x)j 2
�

dx

+ � b(jf 0(a) � f (a)j 2 + jf K (b) � f (b)j 2):

(36b)

Although we could attempt to directly solve (36) using a nonlinear least-squares solver, it
is more e�ective to reformulate it as multiple local optimization problems. To do so, we
�rst estimate the centers of the K discontinuities using the local maxima of the gradient of
f . We then de�ne a neighborhood around each discontinuity, bounded by local minima of
the gradient of f . This decomposition allows us to solve K local regularized minimization
problems independently. As in the case of a single discontinuity described in Subsubsec-
tion 3.1.1, the optimization need only determine a small local correction to � near each of
the K discontinuities, rather than optimize from an arbitrary initial guess globally in x. We
provide a detailed description of this procedure in Appendix C.4.
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4. Level Set EnKF for 1D Compressible Flows

This section is concerned with applying the level set EnKF to 1D compressible Euler
problems. Subsection 4.1 describes the demonstration problems, Subsection 4.2 describes
the setup of our �ltering problem and how we evaluate EnKF performance. Subsection 4.3
extends the level set representation procedure of Section 3 to solutions to the 1D compressible
Euler equations, while Subsection 4.4 describes how to construct level set representations
for an ensemble of �ow states, and then how to apply the EnKF analysis step (24) to the
resulting level set representations. Finally, Subsection 4.5 demonstrates the level set EnKF
for the problems outlined in Subsection 4.1.

4.1. Description of Demonstration Problems

We apply the level set EnKF to three solutions of the 1D compressible Euler equations:
Toro's shock tube problem [36], the Shu-Osher shock-entropy problem [55], and Sod's shock
tube problem [56]. These problems were previously studied by Subrahmanya and Sandu [27]
in their development of the ETPF-DTW approach. We use the same problems because,
together, they contain the canonical �ow features present in compressible �ows: shocks,
contact surfaces, and rarefaction waves.

The initial conditions for our demonstration problems take the form

w(x) =

(
wL (x); x � x d;

wR(x); x > x d;
; x 2 
: (37)

for 
 � [0; 1]. Here, w = (�; u; p) denotes the vector of primitive variables and x d denotes
the location of a diaphragm separating the left state wL (x) from the right state w R(x).
Thus, the initial condition w(x) is discontinuous at x = x d. At time t = 0, the diaphragm
is removed, allowing the two states to interact.

We discretize the spatial domain 
 uniformly using Nx grid points:

x i = i�x; i = 0; : : : ; N x � 1; �x =
1

Nx � 1
: (38)

The resulting vector of grid-point coordinates is x 2 RN x . We specify problem-speci�c �nal
times, T , and choose time steps satisfying the CFL condition. For each calculation, the
values of Nx and T are listed in Table 1.

Subsubsections 4.1.1, 4.1.2, and 4.1.3, describe the initial conditions and resulting solu-
tions for Toro's shock tube problem, the Shu-Osher shock-entropy problem, and Sod's shock
tube problem, respectively. The variables used to de�ne the initial conditions are presented
in Table 2.

4.1.1. Toro's Shock Tube Problem
Toro [36] introduces a shock tube problem with initial left and right states that are

spatially constant. The resulting solution comprises two shocks and a contact surface, all
traveling to the right.
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T tDA;1 �t DA Nx � 1 � b

Toro 0:399 0:007 0:0035 400 102 102

Shu-Osher 0:25 0:025 0:0125 800 10�1 102

Sod 0:2 0:06 0:01 400 102 102

Table 1: Final time T , time of �rst DA cycle t DA;1 , spacing of subsequent DA cycles �tDA , spatial resolution
Nx , and level set regularization parameters �1 and � b for the 1D Euler experiments.

4.1.2. Shu-Osher Shock-Entropy Problem
The solution to Toro's shock tube problem is nearly piecewise constant, so we apply our

method to the Shu-Osher shock-entropy problem [55] to highlight that it can be applied to
more complicated functions. All �elds of the initial left and right states are spatially constant
except for the density �eld to the right of the diaphragm, which varies sinusoidally as

� R(x) = e� R + 0:2 sin (10�(x � x d)) : (39)

The solution comprises a right-going shock interacting with an entropy wave.

4.1.3. Sod's Shock Tube Problem
Sod's shock tube problem [56] serves as our �nal demonstration problem. All �elds of

the initial left and right states are spatially constant, and the solution comprises a left-going
rarefaction wave, a right-going contact surface, and a right-going shock.

4.2. Numerical Setup and Performance Metrics
Subsubsection 4.2.1 describes the �ltering problem and observation setting for the 1D

Euler experiments, while Subsubsection 4.2.2 describes the performance metrics used to
assess level set EnKF.

4.2.1. Filtering Problem and Observation Setting
Uncertainty in the initial condition leads to uncertainty in our state estimate, which we

reduce by solving the �ltering problem using the transformed EnKF (24), with the level
set representation as our latent variables. We assume that the parameters specifying the
true initial condition (37) are known to problem-speci�c tolerances. Let X denote an un-
certain parameter. For each such parameter, we draw each ensemble member independently
according to

X (n) � N (� X ; � 2
X ); n = 1; : : : ; N e; (40)

where � X and � X denote the mean and standard deviation, respectively. Table 2 reports
these values along with the reference truth. Note that the ensemble means match the truth
values for the left and right states, while the diaphragm-location means are intentionally
o�set from the truth to increase the uncertainty in the discontinuity locations.

We place pressure sensors at

xobs;i = 0:2 + i0:2; i = 0; : : : ; 3; (41)
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Problem Statistic � L uL pL � R uR pR xd

Toro Truth 5:99924 19:5975 460:8945:99242 �6:19633 46:09500:41

� � y
L uy

L py
L � y

R uy
R py

R 0:5

� 0:2 0:0 46:0894 0:1 0:0 4:6095 0:1

Shu-Osher Truth 3:857143 2:629369 10:33333 1:0 0:0 1:0 0:05

� � y
L uy

L py
L � y

R uy
R py

R 0:1

� 0:4 0:2 1:03333 0:1 0:0 0:1 0:04

Sod Truth 1:0 0:0 1:0 0:125 0:0 0:1 0:59

� � y
L uy

L py
L � y

R uy
R py

R 0:5

� 0:05 0:0 0:05 0:006 0:0 0:005 0:1

Table 2: Truth parameters, as well as the means and standard deviations used to construct the initial
ensembles for the 1D Euler experiments. For the Shu-Osher shock-entropy problem, �R denotes ~�yR in (39).

so that Nd = 4. The data vector d 2 RNd has entries

di = p y(xobs;i ; t; w y
L ; w y

R ; xy
d) + � i ; i = 0; : : : ; N d � 1; (42)

where � � N (0; R) and R ii = maxf0:1p y(xobs;i ; t; w y
L ; w y

R ; xy
d); 0:05g, corresponding to 10%

relative observation error with a minimum absolute error of 0.05. The reference pressure
�eld p y is obtained by solving the Euler equations numerically on a grid of size Nyx = 4000
and interpolating the solution to the observation point xobs;i .

We solve the �ltering problem using ensembles of size Ne = 50, with the DA schedules
listed in Table 1, where tDA;1 denotes the time of the �rst DA cycle and �t DA denotes the
spacing between subsequent DA cycles. Table 1 also lists the regularization parameters �1

and � b used in (33) to construct the level set representation.

4.2.2. Performance Metrics
For an arbitrary �eld f j 2 RN x at time index j, we compute the root mean square error

(RMSE)

RMSE(f j ) =
1

p
Nx

kf j � f y
j k2; (43)

which measures the error between the ensemble mean and reference truth, while we compute
the ensemble spread as

Spread(f j ) =

r
1

Nx
trace(P (f j )); P (f j ) =

1
Ne � 1

NeX

n=1

(f (n)
j � f j )(f

(n)
j � f j )T ; (44)

which measures the uncertainty represented by the ensemble. The EnKF approximates the
uncertainty in the state estimate using the sample covariance of an ensemble. If the EnKF
is well calibrated, then the ensemble spread should provide a reasonable estimate of the
actual estimation error. Consequently, the ensemble spread and the RMSE should be of
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(a) Toro, t = 0:007. (b) Shu�Osher, t = 0:12. (c) Sod, t = 0:08.

Figure 3: Level set representations of the density �elds for the one-dimensional Euler test problems: (a)
Toro's shock tube problem, (b) the Shu-Osher shock-entropy problem, and (c) Sod's shock tube problem.
The line for the � 1 component in Toro's shock tube problem is hidden by �4, as they have the same value.

similar magnitude, and we assess performance by plotting both RMSE and ensemble spread
as functions of DA cycle. We additionally de�ne the farthest ensemble member to be the
member with the largest Euclidean distance from the ensemble mean.

4.3. Level Set Representations for 1D Compressible Flows

For compressible �ows, we apply the level set representation developed in Section 3 �eld-
by-�eld to the primitive variables w, computing the representation for each �eld indepen-
dently. The resulting latent space representation for �eld wi 2 RN x with K i discontinuities
is

� i =
�
w i;1 : : : w i;K i +1 ' i;1 : : : ' i;K i � i;1 : : : � i;K

� T
; (45a)

where wi;k 2 RN x for k = 1; : : : ; K i + 1, ' i;k 2 RN x for k = 1; : : : ; K i , and � i;k 2 R>0 for
k = 1; : : : ; K i . We then concatenate �i 2 R (2K i +1)�N x +K i for i = 1; 2; 3 to obtain

� =
�
� 1 � 2 � 3

� T
; (45b)

the level set representation of w. Implementation details are presented in Appendix C.5.
Figure 3 plots the level set representation of the density �eld for each of the demonstration

problems described in Subsection 4.1. We choose to plot the density �eld because it varies
across the contact surface, while the velocity and pressure �elds are constant. For ease of
plotting, we plot the discontinuity location, rather than its level set function.

Remark 8. As discussed in Subsubsection 1.2.3 and Appendix B, compressible �ow solvers
impose an intrinsic shock width, and preserving this width helps prevent spurious oscilla-
tions. Although we cannot sharpen shocks, contact surfaces can optionally be sharpened after
�tting: we assign them the smallest �tted shock width in the corresponding �ow �eld. This
produces sharper contacts while retaining a width resolved by the numerical solver. In our
experiments, this choice did not introduce spurious oscillations. This behavior is consistent
with the �ndings of Fukushima and Kitamura [53].
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4.4. Level Set EnKF Formulation for Compressible Flows

As discussed in Remark 8, we wish for our level set representations to preserve the intrinsic
shock width imposed by the compressible �ow solver. Therefore, we wish treat shock and
contact widths as a property of the discretization rather than as a state variable. Thus, we
�t level set representations to each ensemble member such that they share the same shock
and contact widths. To achieve this, we �rst �t level set representations to each ensemble
member separately, and then use the median shock width (across ensemble members) as the
shared event width. We then re�t the level set representations using this shared prescribed
shock width. Details are presented in Appendix C.5.

In addition, if a rarefaction wave is present, we align the corresponding state extensions
using the procedure outlined in Appendix C.6, and augment the latent variables (45) with the
a�ne-transformation parameters from (C.12). Finally, we apply the EnKF analysis step (24)
to the level set representations, and then transform back to state space.

Remark 9. The initial level set �ts for di�erent ensemble members can be computed in
parallel. After computing the ensemble-median width for each primitive �eld, the re�ts can
likewise be performed in parallel. This structure improves the scalability of the level set �tting
step with increasing ensemble size.

Remark 10. To reduce computational cost, we could instead infer a shock width from a single
ensemble member. However, this could result in a shock width that is not representative of
the entire ensemble. Thus, we use the median of the ensemble of widths.

Remark 11. The alignment procedure for the rarefaction wave borrows ideas from image
registration [32], which seeks to align di�erent data sets onto a shared coordinate system.
Image registration also underlies the morphing EnKF [31].

4.5. Results

We now demonstrate the level set EnKF for 1D compressible �ows. We show that our
method preserves sharp features, while reducing RMSE. In addition, the ensemble spread is
similar in magnitude to the RMSE, demonstrating that our ensemble accurately represents
the uncertainty in our state. Subsubsections 4.5.1, 4.5.2, and 4.5.3 demonstrate the method-
ology for Toro' shock tube problem, the Shu-Osher shock-entropy problem, and Sod's shock
tube problem, respectively.

4.5.1. Toro's Shock Tube Problem
Figure 4 plots the ensemble members against the reference truth for the initial condition

and several representative analysis steps. Each analysis step preserves sharp features, while
the ensemble converges to the reference truth as the number of DA cycles increases. Fig-
ure 5 shows that the RMSE converges and that the ensemble spread remains comparable
in magnitude. The x-t diagrams in Figure 6 show that the largest correction occurs when,
for a given member, the right shock reaches the rightmost pressure sensor. The subsequent
update shifts the solution to the left, bringing it to closer agreement with the reference truth.
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Figure 4: Analysis ensemble for Toro's shock tube problem, plotting the ensemble members against the
reference truth immediately following the analysis step, for a subset of DA cycles. With increasing time, the
ensemble members show better agreement with the reference truth.

Figure 5: RMSE and spread as a function of DA cycle for Toro's shock tube problem. The values at DA
cycle 0 correspond to the forecast value before the �rst DA cycle.
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Figure 6: x � t diagrams for Toro's shock tube problem, for the reference truth, ensemble mean, and the
farthest ensemble member. The dashed vertical lines represent the pressure sensors.

4.5.2. Shu-Osher Shock-Entropy Problem
Figure 7 demonstrates that the level set EnKF preserves both the sharp shock and the

oscillatory features of the entropy wave, while the ensemble converges to the reference truth
as the number of DA cycles increases. Figures 8 shows that the ensemble spread remains
a similar magnitude to the RMSE, while the x-t diagrams in Figure 9 show improving
agreement for both the ensemble mean and the farthest ensemble member.

4.5.3. Sod's Shock Tube Problem
The solution to Sod's shock tube problem comprises a rarefaction wave, a contact sur-

face, and a shock. We represent the shock and contact surface using the level set repre-
sentation, while we align the rarefaction wave using the a�ne transformation introduced
in Appendix C.6. Figure 10 shows that all features are preserved by the level set EnKF
and that the ensemble converges to the reference truth with increasing DA cycle. Figure 11
shows that both RMSE and ensemble spread decrease and remain of similar order. The x-t
diagrams in Figure 12 show the ensemble mean and farthest ensemble member approaching
the reference solution.

5. Level Set EnKF: 2D Compressible Euler Equations

Subsection 5.1 extends the level set representation to 2D compressible �ows, with further
details provided in Appendix D. Subsection 5.2 introduces the 2D blast wave problem studied
by Subrahmanya and Sandu [27], and Subsection 5.3 demonstrates the level set EnKF for
this problem.
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Figure 7: Analysis ensemble for the Shu-Osher shock-entropy problem, plotting the ensemble members
against the reference truth immediately following the analysis step, for a subset of DA cycles. With increasing
time, the ensemble members show better agreement with the reference truth.

Figure 8: RMSE and spread as a function of DA cycle for the Shu-Osher shock entropy problem. The values
at DA cycle 0 correspond to the forecast value before the �rst DA cycle.
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Figure 9: x � t diagrams for the Shu-Osher shock-entropy problem, for the reference truth, ensemble mean,
and the farthest ensemble member. The dashed vertical lines represent the pressure sensors.

5.1. 2D Level Set Representation

In 1D, a discontinuity is located at a single point, whereas in 2D it is represented by a
curve. Let � denote such a curve. The corresponding 2D level set function can be de�ned
as the signed distance function

'(x) =

(
dist(x; �); x 2 
 + ;

� dist(x; �); x 2 
 � ;
(46)

where 
 � denotes the region enclosed by �, and 
+ denotes the exterior region. Note that
the zero level set of '(�) de�nes the curve �. Further details on identifying the zero level set
in two dimensions are provided in Appendix D.1.

State extensions are constructed by applying the 1D methodology in the direction normal
to the discontinuity. Details of this construction for 2D scalar-valued functions are provided
in Appendix D.2, and its extension to the 2D compressible Euler equations is presented in
Appendix D.3.

Remark 12. As discussed in Remark 8, we preserve the shock width imposed by the com-
pressible �ow solver and treat the �tted width as a property of the discretization rather than
as a state variable. In 1D, we �rst �t each ensemble member independently. For each prim-
itive �eld, we take the minimum �tted event width within each member, compute the median
of those widths across members, and re�t that �eld in every member with the median width
held �xed. In 2D, we �rst �t the normal-direction pro�les for each primitive �eld in the �rst
ensemble member. We take the median of their �tted widths and re�t those pro�les, using
the median as a prescribed width. We then use the same prescribed width when �tting the
remaining ensemble members.
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Figure 10: Analysis ensemble for Sod's shock tube problem, plotting the ensemble members against the
reference truth immediately following the analysis step, for a subset of DA cycles. With increasing time, the
ensemble members show better agreement with the reference truth.

Figure 11: RMSE and spread as a function of DA cycle for Sod's shock tube problem. The values at DA
cycle 0 correspond to the forecast value before the �rst DA cycle.
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Figure 12: x � t diagrams for Sod's shock tube problem, for the reference truth, ensemble mean, and the
farthest ensemble member. The dashed vertical lines represent the pressure sensors.

In 1D, the level set function measures the signed distance to a set of ordered points,
whereas in 2D, it encodes the signed distance to curves. If these curves are not aligned,
then the signed distance measured by ' will not have a consistent meaning across ensemble
members. To demonstrate this, we take the mean of the level set functions '1 and ' 2,
corresponding to circles whose centers are not aligned. Figure 13 shows that the resulting
zero level set is not generally a circle if the circles are not aligned, while aligning them
resolves this issue. Therefore, we use a registration procedure, described in Appendix D.4.1,
to align the level set functions. Additionally, as in the 1D case, we align rarefaction waves,
as described in Appendix D.4.2. We augment the 2D level set representations with the
alignment parameters when we apply the transformed EnKF (24).

Remark 13. Remark 11, we explained that we borrow ideas from image registration [32] to
align rarefaction waves in 1D. In 2D, we also use these ideas to align the level set functions.
We reiterate that image registration also underlies the morphing EnKF [31].

5.2. 2D Blast Wave Problem Description

For the square domain 
 � [0; 2] � [0; 2], we introduce the 2D blast wave problem with
initial condition

w(x) =

(
w1 (x; y) 2 
 1;

w2 (x; y) 2 
 2:
(47a)

for

 1 � fx 2 
jkx � x 0k2 < rg; 
 2 � 
 n 
 1; (47b)
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Figure 13: Mean of two circular level set functions, �1 and � 2 with misaligned centers. The red contours
show the zero level sets of (�1 + � 2)=2. Without alignment, zero level set of the mean is an ellipse. With
alignment, it is a circle. Thus, alignment preserves the shape of the original discontinuity curve.

Statistic x0 y0 r � 1 � 2 u1 u2 p1 p2

Truth 1:05 1:05 0:45 1:0 1:0 0 0 1000:0 0:01

� 1:0 1:0 ry � y
1 � y

2 uy
1 uy

2 py
1 py

2

� 0:08 0:08 0:05 0:05 0:05 0 0 100:0 0:001

Table 3: Truth parameters, together with the means and standard deviations used to construct the initial
ensemble for the 2D blast wave experiment.

where x 2 R2. We prescribe the interior and exterior states w1 and w2, in terms of the
primitive variables w = (�; u; v; p). Their values, along with the radius r and center x 0 of
region 
 1 are speci�ed in Table 3.

We time march the reference truth solution to T = 0:025, depicted in Figure 14a, and
compute its level set representation. Figure 14b shows the resulting level set representation
of the density �eld.

5.3. Level Set EnKF for the 2D Blast Wave Problem

As in our 1D examples, uncertainty in the initial condition leads to uncertainty in our
state estimate, which we reduce using the level set EnKF. We again assume that the param-
eters specifying the initial condition are known within error tolerances prescribed in Table 3,
and we draw each parameter according to (40). Note that the ensemble means match the
truth values for the inner and outer states, while the center of region 
1 is o�set from the
truth.

We generate pressure observations from the reference solution as

di = p ref (xobs;i ; yobs;i ; t; q1; q2; x0; y0; r) + � i ; i = 0; : : : ; N d � 1; (48)

for d 2 R Nd , where � � N (0; R) for the observation-error covariance R, whose diagonal en-
tries are given by Rii = maxf0:1p ref (xobs;i ; yobs;i ; t; q1; q2; x0; y0; r); 0:05g. This choice imposes
a relative observation error of 10% and and an absolute error of 0.05. We observe pressure
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(a) Solution �elds. (b) Density level set representation.

Figure 14: Solution and level set representation for the blast wave problem at T = 0:025 time units. In
(b), the top-left panel shows the region associated with the rarefaction wave, the top-right panel shows the
region between the contact and the shock, and the bottom-left panel shows the region outside the shock.
The bottom-right panel shows the level set function associated with the contact surface; the black line is its
zero level set and therefore identi�es the contact-surface location.

on the uniform 4 � 4 grid so that the full observation set is given by the tensor-product grid

(x obs; yobs) 2 f0:4; 0:8; 1:2; 1:6g � f0:4; 0:8; 1:2; 1:6g:

Thus, each assimilation cycle uses 16 pressure observations. Figure 15 depicts 
1 for each
ensemble against the reference truth, as well as the pressure sensors.

The simulation is advanced to T = 0:01, with the �rst observation arriving at t = 0:0025
and subsequent DA cycles every �tDA = 0:001. Figure 16 shows the RMSE and ensemble
spread as functions of DA cycle. As pressure observations are assimilated, both the RMSE
and ensemble spread decrease, indicating that the �lter reduces state uncertainty while

Figure 15: Ensemble of sampled initial discontinuity locations obtained for the blast wave problem, overlayed
with the initial discontinuity location for the reference truth and the sensor locations.
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Figure 16: RMSE and spread as a function of DA cycle for the blast wave problem. The density is relatively
constant throughout the domain, so the RMSE and spread are both small throughout the whole calculation.
The spread and RMSE in the velocity and pressure �elds is initially larger, and decreases as more data is
assimilated. The spread and RMSE have similar orders of magnitude throughout the calculation. The values
at DA cycle 0 correspond to the forecast value before the �rst DA cycle.

Figure 17: Density �eld evolution for the 2D blast-wave DA experiment. Columns show selected DA cycles
from the initial condition through the �nal cycle; rows show the truth, ensemble mean, and the farther
ensemble member.

maintaining an ensemble spread of the same order as the actual error. The density RMSE
and spread remain small throughout the assimilation window because the density �eld is
nearly uniform over the domain.

Figures 17, 18, and 19 plot contours of the density, u-velocity, and pressure, respectively.
For each variable, the �rst row plots the truth, the second row plots the ensemble mean, and
the third row plots the farthest ensemble member. We de�ne the farthest ensemble member
as described in Subsubsection 4.2.2. For all variables, we observe that the farthest ensemble
member moves closer to the reference truth as more data is assimilated, so that the ensemble
mean converges to the truth.

6. Conclusion

This paper introduces the level set EnKF, which enables sequential DA in compressible
�ows with shocks and other sharp discontinuities. In this approach, the �lter is applied in
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